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Abstract

Non-negative matrix factorization (NMF) has previously been shown to
be a useful decomposition for multivariate data. Two different multi-
plicative algorithms for NMF are analyzed. They differ only slightly in
the multiplicative factor used in the update rules. One algorithm can be
shown to minimize the conventional least squares error while the other
minimizes the generalized Kullback-L eibler divergence. The monotonic
convergence of both algorithms can be proven using an auxiliary func-
tion analogous to that used for proving convergence of the Expectation-
M aximization algorithm. The algorithms can also be interpreted as diag-
onally rescaled gradient descent, where the rescaling factor is optimally
chosen to ensure convergence.

I ntroduction

Unsupervised learning algorithms such as principal components analysis and vector quan-
tization can be understood as factorizing a data matrix subject to different constraints. De-
pending upon the constraints utilized, the resulting factors can be shown to have very dif-
ferent representational properties. Principal components analysis enforces only aweak or-
thogonality constraint, resulting in a very distributed representation that uses cancellations
to generate variability [1, 2]. On the other hand, vector quantization uses a hard winner-
take-al constraint that resultsin clustering the datainto mutually exclusive prototypes[3].

We have previously shown that nonnegativity is a useful constraint for matrix factorization
that can learn a partsrepresentation of the data[4, 5]. The nonnegativebasis vectorsthat are
learned are used in distributed, yet still sparse combinationsto generate expressivenessin
thereconstructions[6, 7]. Inthissubmission, we analyzein detail two numerical algorithms
for learning the optimal nonnegative factors from data.

Non-negative matrix factorization

We formally consider algorithmsfor solving the following problem:

Non-negativematrix factorization (NM F) Given anon-negative matrix
V, find non-negative matrix factors W and H such that:
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NMF can be applied to the statistical analysis of multivariate datain the following manner.
Given a set of of multivariate n-dimensional data vectors, the vectors are placed in the
columns of an n x m matrix V' where m is the number of examplesin the data set. This
matrix is then approximately factorized into ann x r matrix W and an » x m matrix H.
Usually r ischosen to be smaller than . or m, sothat W and H are smaller than the original
matrix V. Thisresultsin acompressed version of the original data matrix.

What is the significance of the approximation in Eq. (1)? It can be rewritten column by
column asv ~ Wh, where v and h are the corresponding columns of V' and H. In other
words, each data vector v is approximated by a linear combination of the columns of W,
weighted by the components of h. Therefore 1V can be regarded as containing a basis
that is optimized for the linear approximation of the datain V. Sincerelatively few basis
vectors are used to represent many data vectors, good approximation can only be achieved
if the basis vectors discover structure that is latent in the data.

The present submission is not about applications of NMF, but focuses instead on the tech-
nical aspects of finding non-negative matrix factorizations. Of course, other types of ma-
trix factorizations have been extensively studied in numerical linear algebra, but the non-
negativity constraint makes much of this previous work inapplicable to the present case
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Here we discuss two algorithms for NMF based on iterative updates of W and H. Because
these algorithms are easy to implement and their convergence properties are guaranteed,
we have found them very useful in practical applications. Other algorithms may possibly
be more efficient in overall computation time, but are more difficult to implement and may
not generalize to different cost functions. Algorithms similar to ours where only one of the
factorsis adapted have previously been used for the deconvolution of emission tomography
and astronomical images[9, 10, 11, 12].

At each iteration of our algorithms, the new value of W or H isfound by multiplying the
current value by some factor that depends on the quality of the approximationin Eq. (1). We
prove that the quality of the approximation improves monotonically with the application
of these multiplicative update rules. In practice, this means that repeated iteration of the
updaterulesis guaranteed to convergeto alocally optimal matrix factorization.

Cost functions

To find an approximate factorization V' ~ W H, we first need to define cost functions
that quantify the quality of the approximation. Such a cost function can be constructed
using some measure of distance between two non-negative matrices A and B. One useful
measure is simply the square of the Euclidean distance between A and B [13],

|A = BI]> =) (Ai; — Bij)® 2
ij
Thisislower bounded by zero, and clearly vanishesif and only if A = B.
Another useful measureis

Ayj
D(A||B) = Z <Aij log B—J — Ay + B,‘j) 3)
ij K

Like the Euclidean distance this is also lower bounded by zero, and vanishes if and only
if A = B. Butitcannot be called a “distance”, because it is not symmetric in A and B,
so we will refer to it as the “ divergence” of A from B. It reduces to the Kullback-Leibler
divergence, or relative entropy, when Zij A = Zij B;; = 1, sothat A and B can be
regarded as normalized probability distributions.



We now consider two aternative formulations of NMF as optimization problems:;

Problem 1 Minimize ||V — W H||* with respect to W and H, subject to the constraints
W,H>0.

Problem 2 Minimize D(V||W H) with respect to W and H, subject to the constraints
W,H >0.

Althoughthefunctions||V —W H||? and D(V ||W H) areconvexin W only or H only, they
are not convex in both variables together. Thereforeit is unrealistic to expect an algorithm
to solve Problems 1 and 2 in the sense of finding globa minima. However, there are many
techniques from numerical optimization that can be applied to find local minima.

Gradient descent is perhaps the simplest technique to implement, but convergence can be
dow. Other methods such as conjugate gradient have faster convergence, at least in the
vicinity of local minima, but are more complicated to implement than gradient descent
[8]. The convergence of gradient based methods also have the disadvantage of being very
sensitive to the choice of step size, which can be very inconvenient for large applications.

Multiplicative update rules

We have found that the following “multiplicative update rules’ are a good compromise
between speed and ease of implementation for solving Problems 1 and 2.

Theorem 1 The Euclidean distance ||V — W H|| is nonincreasing under the update rules
(WTWH)qu (WHHT);,

The Euclidean distance is invariant under these updates if and only if W and H are at a
stationary point of the distance.

Hau — Hau Wia — Wia (4)

Theorem 2 Thedivergence D(V||W H) is nonincreasing under the updaterules
2i WiaVip /(W H)iy 2y HapViu /(W H)iy
Zk cha EV Ha,,

Thedivergenceisinvariant under these updatesif and only if W and H are at a stationary
point of the divergence.

H,y, < Hqy

Wia — Wia
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Proofs of these theorems are given in a later section. For now, we note that each update
consists of multiplication by a factor. In particular, it is straightforward to see that this
multiplicative factor is unity when V' = W H, so that perfect reconstruction is necessarily
afixed point of the update rules.

Multiplicative ver sus additive update rules

It isuseful to contrast these multiplicative updates with those arising from gradient descent
[14]. In particular, a simple additive update for H that reduces the squared distance can be
written as

Hay < Hopy + Nap [(WTV)au - (WTWH)LW] - (6)

If na, areall set equal to some small positive number, this is equivalent to conventional
gradient descent. As long as this number is sufficiently small, the update should reduce
|V —WH]||.



Now if we diagonally rescale the variables and set
— Hap

ot = WTW H)ap,

then we obtain the update rule for H that is given in Theorem 1. Note that this rescaling

results in a multiplicative factor with the positive component of the gradient in the denom-
inator and the absolute value of the negative component in the numerator of the factor.

)

For the divergence, diagonally rescaled gradient descent takes the form

Vi
Hau — Hau + Nap ZWia (W]f;)w - ZWia . (8)

Again, if then,,, aresmall and positive, this update should reduce D(V'||IW H). If we now
set
H,
Nap = Ei I/Ip;m , (9)
then we obtain the update rule for H that is given in Theorem 2. This rescaling can aso

be interpretated as a multiplicative rule with the positive component of the gradient in the
denominator and negative component as the numerator of the multiplicative factor.

Since our choices for n,,, are not small, it may seem that there is no guarantee that such a
rescaled gradient descent should cause the cost function to decrease. Surprisingly, thisis
indeed the case as shown in the next section.

Proofs of convergence

To prove Theorems 1 and 2, we will make use of an auxiliary function similar to that used
in the Expectation-Maximization algorithm [15, 16].
Definition 1 G(h, h') isan auxiliary function for F'(h) if the conditions

G(h,W) > F(h),  G(h,h) = F(h) (10)
are satisfied.

The auxiliary function is a useful concept because of the following lemma, which is aso
graphically illustrated in Fig. 1.
Lemmal If G isan auxiliary function, then F' is nonincreasing under the update

Rt = arg m}in G(h,h") (1)

Proof: F(h!*T!) < G(RtTL ht) < G(ht,hY) = F(h') A

Note that F'(h!*) = F(h!) only if ht isaloca minimum of G(h, h'). If the derivatives
of F exist and are continuous in a small neighborhood of k1, this also implies that the
derivatives VF(ht) = 0. Thus, by iterating the update in Eq. (11) we obtain a sequence
of estimates that converge to a local minimum h,,;,, = argmin, F'(h) of the objective
function:

F(hmin) < . F(BT) < F(h')... < F(h2) < F(hn) < F(ho). (12)

We will show that by defining the appropriate auxiliary functions G(h, ht) for both ||V —
W H|| and D(V,W H), the update rulesin Theorems 1 and 2 easily follow from Eq. (11).
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Figure 1: Minimizing the auxiliary function G(h, ht) > F(h) guaranteesthat F/(hit1) <
F(ht) for A"t = argminy, G(h, ht).

Lemma 2 If K (h?) isthe diagonal matrix
Kop(h') = 8ay(WEWRY), /B, (13)
then
G(h,ht) = F(h') 4+ (h — )TV F(h) + %(h —WHTK(hY)(h — ht) (14)
isan auxiliary function for
F) =5 300 X Wiaha) (15)

Proof: Since G(h,h) = F(h) is obvious, we need only show that G(h, ht) > F(h). To
do this, we compare

F(h) = F(ht) + (h— YTV FE () + %(h —mTWTW)(h — h) (16)
with Eq. (14) tofind that G(h, h?) > F(h) isequivalent to

0 < (h—m)T[K (R = WTW](h — h) (17)
To prove positive semidefiniteness, consider the matrix*:
Map(h') = bt (K (hY) — WIW)apht (18)

which is just arescaling of the componentsof KX — W TW. Then K — WTW is positive
semidefiniteif and only if M is, and

vIMy = Z VaMapvp (29
ab
= B (WIW)aphivd — vahly (W W) aphiyvs (20)
ab
= Y (W'W)ahlhi Byg + %u;f — Vol (21)
ab
1
= 3 D (WTW)aphly bl (ve — 1) (22)
ab
> 0 (23)

10ne can also show that K& — W' is positive semidefinite by considering the matrix K (I —
K 2WTWEK~2)K2. Then \/hL (WTWhi), isapositive eigenvector of K~z W W K~ = with
unity eigenvalue, and application of the Frobenius-Perron theorem shows that Eq. 17 holds.
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We can now demonstrate the convergence of Theorem 1.

Proof of Theorem 1 Replacing G (h, ht) in Eq. (11) by Eq. (14) resultsin the update rule:
Rt = ht — K(hY) "IV E(h') (29)

Since Eq. (14) isan auxiliary function, F' is nonincreasing under this updaterule, according
to Lemma 1. Writing the components of this equation explicitly, we obtain

(WTv),
(WITWht)e
By reversing the roles of W and H in Lemma 1 and 2, F' can similarly be shown to be
nonincreasing under the update rulesfor . &

hat =g (25)

We now consider the following auxiliary function for the divergence cost function:

Lemma 3 Define

G(h,h") = Z(vllogvz—vz +2Wmh (26)
Wlah Wmh

v; log Wiqghe — 1o 2

- S st (1o i) @

Thisisan auxiliary function for
v;
h) = zl:vi log <m) — U; +§a:Wl'aha (28)

Proof: Itisstraightforward to verify that G(h, h) = F'(h). To show that G(h, ht) > F(h),
we use convexity of the log function to derive the inequality

Wia ha
-1 iaha < — o log —— 2

ogza: Wiahe < za: Qg log - (29

which holdsfor al nonnegative a,, that sum to unity. Setting

Wiohl
g = 30
Zb zbh (30
we obtain
Wmh Ww h
_ < — . —

log Z Wiaha Z Wl <10g Wiaha —log 5~z ) (31)

From thlsmequallty it followsthat F(h) < G(h,h?). M
Theorem 2 then follows from the application of Lemma 1:

Proof of Theorem 2: The minimum of G (h, h*) with respect to h is determined by setting
the gradient to zero:

dG(h, ht Wieht 1
G0uM) s, Wtk Ly @

Thus, the update rule of Eq. (11) takes theform

ht+1

Wia. 33
Zb Wi Z Eb zbht ' 33
Since G isan auxiliary function, F' in Eq. (28) is nonincreasing under this update. Rewrit-
ten in matrix form, thisis equivalent to the update rule in Eq. (5). By reversing the roles of
H and W, the update rule for W can similarly be shown to be nonincreasing. B



Discussion

We have shown that application of the update rules in Egs. (4) and (5) are guaranteed to
find at least locally optimal solutions of Problems 1 and 2, respectively. The convergence
proofs rely upon defining an appropriate auxiliary function. We are currently working to
generalize these theorems to more complex constraints. The update rules themselves are
extremely easy to implement computationally, and will hopefully be utilized by others for
awide variety of applications.
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