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Abstract

It haslongbeenknown thatlateralinhibition in neuralnetworkscanlead
to a winner-take-all competition,sothatonly a singleneuronis activeat
a steadystate. Herewe show how to organizelateralinhibition so that
groupsof neuronscompeteto be active. Given a collectionof poten-
tially overlappinggroups,theinhibitory connectivity is setby a formula
thatcanbeinterpretedasarisingfrom asimplelearningrule. Our analy-
sisdemonstratesthatsuchinhibition generallyresultsin winner-take-all
competitionbetweenthe given groups,with the exceptionof somede-
generatecases.In a broadercontext, the network servesasa particular
illustration of the generaldistinction betweenpermittedand forbidden
sets,which wasintroducedrecently. Fromthis viewpoint, thecomputa-
tional function of our network is to storeandretrieve memoriesasper-
mittedsetsof coactiveneurons.

In traditional winner-take-all networks, lateral inhibition is usedto enforcea localized,
or “grandmothercell” representationin which only a singleneuronis active [1, 2, 3, 4].
Whenusedfor unsupervisedlearning,winner-take-all networks discover representations
similar to thoselearnedby vectorquantization[5]. Recentlymany researchefforts have
focusedonunsupervisedlearningalgorithmsfor sparselydistributedrepresentations[6, 7].
Thesealgorithmsleadto networksin which groupsof multiple neuronsarecoactivatedto
representanobject.Therefore,it is of greatinterestto find waysof usinglateralinhibition
to mediatewinner-take-all competitionbetweengroupsof neurons,asthis couldbeuseful
for learningsparselydistributedrepresentations.

In thispaper, weshow how winner-take-allcompetitionbetweengroupsof neuronscanbe
learned.Givena collectionof potentiallyoverlappinggroups,the inhibitory connectivity
is setby a simpleformula that canbe interpretedasarisingfrom an online learningrule.
To show thattheresultingnetwork functionsasadvertised,weperformastabilityanalysis.
If thestrengthof inhibition is sufficiently great,andthegrouporganizationsatisfiescertain
conditions,we show thattheonly setsof neuronsthatcanbecoactivatedat a stablesteady
statearethe givengroupsandtheir subsets.Becauseof thecompetitionbetweengroups,
only onegroupcanbe activatedat a time. In general,the identity of the winning group
dependsontheinitial conditionsof thenetwork dynamics.If thegroupsareorderedby the
aggregateinput thateachreceives,thepossiblewinnersarethoseabovea cutoff that is set
by inequalitiesto bespecified.



1 Basicdefinitions

Let � groupsof neuronsbegiven,wheregroupmembershipis specifiedby thematrix������
	�� if the 
 th neuronis in the � th group�
otherwise

(1)

We will assumethateveryneuronbelongsto at leastonegroup1, andeverygroupcontains
at leastoneneuron. A neuronis allowed to belongto more thanonegroup,so that the
groupsarepotentiallyoverlapping.The inhibitory synapticconnectivity of thenetwork is
definedin termsof thegroupmembership,� ��� ����������� ��� ���� ������ � 	 � if 
 and ! bothbelongto agroup� otherwise

(2)

Onecanimaginethispatternof connectivity arisingby asimplelearningmechanism.Sup-
posethatall elementsof

�
areinitialized to beunity, andthegroupsarepresentedsequen-

tially asbinaryvectors
� �#"%$&$&$'" � � . The � th groupis learnedthroughtheupdate� �(�*) � ��� � �+� � �� � �� � (3)

In otherwords, if neurons
 and ! both belongto group � , thenthe connectionbetween
themis removed. After presentationof all � groups,this leadsto Eq. (2). At the start
of the learningprocess,the initial stateof

�
correspondsto uniform inhibition, which is

known to implementwinner-take-all competitionbetweenindividual neurons.It will be
seenthat,asinhibitory connectionsareremovedduring learning,thecompetitionevolves
to mediatecompetitionbetweengroupsof neuronsratherthanindividualneurons.

Thedynamicsof thenetwork is givenby,.- �,�/10 - � �3254 � 076 - � �98;: � � ��� - ��<>= (4)

where ? @�A = �CB�DFE � @ " � � denotesrectification, 6HG �
thestrengthof self-excitation,and8 G � thestrengthof lateralinhibition.

Equivalently, thedynamicscanbewritten in matrix-vectorform as I- 0 - � ? 4 0KJ - A = ,
where J � 6ML �N8 � includesbothself-excitationandlateralinhibition. Thestateof the
network is specifiedby thevector

-
, andtheexternalinput by thevector 4 . A vector O is

saidto benonnegative, O9P �
, if all of its componentsarenonnegative. Thenonnegative

orthantis thesetof all nonnegativevectors.It canbeshown thatany trajectoryof Eq. (4)
startingin thenonnegativeorthantremainsthere.Therefore,for simplicity wewill consider
trajectoriesthatareconfinedto thenonnegativeorthant

- P � . However, we will consider
inputvectors4 whosecomponentsareof arbitrarysign.

2 Global stability

Thegoalof this paperis to characterizethesteadystateresponseof thedynamicsEq. (4)
to aninput 4 thatis constantin time. For this to beasensiblegoal,weneedsomeguarantee
that the dynamicsconvergesto a steadystate,and doesnot diverge to infinity. This is
providedby thefollowing theorem.

Theorem1 Consider the network Eq. (4). The following statements are equivalent:

1This conditioncanberelaxed,but is keptfor simplicity.



1. For any input 4 , there is a nonempty set of steady states that is globally asymptot-
ically stable, except for initial conditions in a set of measure zero.

2. The strength 6 of self-excitation is less than one.

Proof sketch:Q �SR �UT � � � : If 6WV � , thefunction
�X � �Y� 6 � -[Z\- 0^] X -[Z � - � 4 Z\- is boundedbelow

andradially unboundedin thenonnegativeorthant.Furthermoreit is nonincreas-
ing underthedynamicsEq. (4), andconstantonly at steadystates.Thereforeit is
aLyapunov function,andits localminimaaregloballyasymptoticallystable.Q � � �*T �SR � : Supposethat (2) is false. If 6 P � , it is possibleto choose4 andan
initial condition for

-
so that only oneneuronis active, andthe activity of this

neurondiverges,sothat(1) is contradicted._
3 Relationshipbetweengroupsand permitted sets

In this sectionwe characterizetheconditionsunderwhich the lateralinhibition of Eq. (4)
enforceswinner-take-all competitionbetweenthegroupsof neurons.Thatis, theonly sets
of neuronsthatcanbecoactivatedat a stablesteadystatearethegroupsandtheir subsets.
This is doneby performinga linear stability analysis,which allows us to classifyactive
setsusingthefollowing definition.

Definition 1 If a set of neurons can be coactivated by some input at an asymptotically
stable steady state, it is called permitted. Otherwise, it is forbidden

Elsewherewe have shown that whethera set is permittedor forbiddendependson the
submatrixof synapticconnectionsbetweenneuronsin thatset[1]. If thelargesteigenvalue
of the sub-matrixis lessthanunity, thenthe set is permitted. Otherwise,it is forbidden.
We have alsoprovedthatany supersetof a forbiddensetis forbidden,while any subsetof
a permittedsetis alsopermitted.

Our goal in constructingthenetwork (4) is to make thegroupsandtheir subsetstheonly
permittedsetsof thenetwork. To determinewhetherthis is thecase,we mustanswertwo
questions.First, areall groupsandtheir subsetspermitted?Second,areall permittedsets
containedin groups?Thefirst questionis answeredby thefollowing Lemma.

Lemma 1 All groups and their subsets are permitted.

Proof: If a set is containedin a group, then thereis no lateral inhibition betweenthe
neuronsin the set. Provided that 6`V � , all eigenvaluesof the sub-matrixare lessthan
unity, andthesetis permitted._
Theanswerto the secondquestion,whetherall permittedsetsarecontainedin groups,is
not necessarilyaffirmative. For example,considerthenetwork definedby thegroupmem-
bershipmatrix

� � � � � " � " � � " � � " � " � � " � � " � " � � � . Sinceevery pair of neuronsbelongsto
somegroup,thereis no lateralinhibition (

� � � ), whichmeansthatthereareno forbidden
sets.As a result, � � " � " � � is a permittedset,but obviously it is not containedin any group.

Let’s definea spurious permittedset to be one that is not containedin any group. For
example,

� � " � " � � is a spuriouspermittedset in the above example. To eliminateall the
spuriouspermittedsetsin thenetwork, certainconditionson thegroupmembershipmatrix�

haveto besatisfied.

Definition 2 The membership
�

is degenerateif there exists a set of a7Pcb neurons that is
not contained in any group, but all of its subsets with a �d� neurons belong to some group.



Otherwise,
�

is called nondegenerate. For example,
� � � � � " � " � � " � � " � " � � " � � " � " � � � is

degenerate.

Usingthis definition,wecanformulatethefollowing theorem.

Theorem2 The neural dynamics Eq. (4) with 6eV � and 8 G �f� 6 has a spurious
permitted set if and only if

�
is degenerate.

Beforeweprovethis theorem,wewill needthefollowing lemma.

Lemma 2 If 8 G ��� 6 , any set containing two neurons not in the same group is forbidden
under the neural dynamics Eq. (4).

Proof sketch: We will startby analyzinga very simplecase,wherethereare two neu-
ronsbelongingto two differentgroups.Let the groupmembershipbe

� � � " � � " � � " � � � . In
this case,J � � � 6 " �+8 � " � �+8 " 6 � � . This matrix haseigenvectors � � " � � and � � " �g� � and
eigenvalues6 �h8 and 6i0 8 . Since67V � for globalstabilityand 8 G � by definition,the� � " � � modeis alwaysstable.But if 8 G ��� 6 , the � � " �g� � modeis unstable.This means
thatit is impossiblefor thetwo neuronsto becoactivatedatastablesteadystate.Sinceany
supersetof a forbiddensetis alsoforbidden,thegeneralresultof thelemmafollows. _ .

Proof of Theorem2 (sketch):Q1j : If
�

is degenerate,theremustexist aset a9Pkb neuronsthatis notcontainedin
any group,but all of its subsetswith a �l� neuronsbelongto somegroup.Thereis
no lateralinhibition betweenthesea neurons,sinceeverypairof neuronsbelongs
to somegroup.Thusthesetcontainingall a neuronsis permittedandspurious.Q T : If thereexists a spuriouspermittedset m , we needto prove that

�
mustbe

degenerate.We will prove this by contradictionandinduction. Let’s assume
�

is
nondegenerate.m mustcontainat least2 neuronssinceany oneneuronsubsetis permittedand
not spurious.By Lemma2, these2 neuronsmustbecontainedin somegroup,or
elseit is forbidden. Thus m mustcontainat least3 neuronsto be spurious,and
any pair of neuronsin m belongsto somegroupby Lemma2.
If m containsat least a neuronsandall of its subsetswith a �K� neuronsbelong
to somegroup, then the set with these a neuronsmust belongto somegroup,
otherwise

�
is degenerate. Thus a must containat least a 0 � neuronsto be

spurious,andall its a subsetsbelongto somegroup.
By induction,thisimpliesthat m mustcontainall neuronsin thenetwork, in which
case,m is eitherforbiddenor nonspurious.This contradictswith theassumptionm is aspuriouspermittedset. _

FromTheorem2, we caneasilyhave thefollowing result.

Corollary 1 If every group contains some neuron that does not belong to any other group,
then there is no any spurious permitted set.

4 The potential winners

We have seenthat if
�

is nondegenerate,theactive setmustbecontainedin a group,pro-
vided that lateralinhibition is strong( 8 G �*� 6 ). Thegroupthatcontainstheactive set
will becalledthe“winner” of thecompetitionbetweengroups.Theidentity of thewinner
dependsontheinput 4 , andalsoontheinitial conditionsof thedynamics.For agiveninput,
we needto characterizewhich patterncouldpotentiallybethewinner.



Supposethat thegroup inputs n � �po �rq 4 �ts = � �� aredistinct. Without lossof generality,
we orderthe groupinputsas n � G $&$%$ G n � . Let’s denotethe largestinput as 4 � ��u �B�DvE � � 4 � � andassume4 � ��u G � .
Theorem3 For nonoverlapping groups, the top w groups with the largest group input could
end up the winner depending on the initial conditions of the dynamics, where w is deter-
mined by the equation nfx+P � �+� 6 � 8zy � 4 � ��u G nfx = �
Proof sketch: Supposethe � th groupis thewinner. For all neuronsnot in this groupto be
inactive,theself-consistentconditionshouldread

: � q 4 �ts = � �� P �+� 68 B�DvE�.{| � � q 4 ��s = � (5)

If a groupcontainingthe neuronwith the largestinput, this conditioncanalwaysbe sat-
isfied. Moreover, this groupis alwaysin the top w groups.For groupsnot containingthe
neuronwith the largestinput, this conditioncanbe satisfiedif andonly if they arein the
top w groups._
Thewinner-take-all competitiondescribedabove holdsonly for thecaseof stronginhibi-
tion 8 G �}� 6 . On theotherhand,if 8 is small, thecompetitionwill beweakandmay
not result in group-winner-take-all. In particular, if 8 V � �g� 6 ��~F� � ��u , where � � ��u is
the largesteigenvalueof � � , thenthe setof all neuronsis permitted.Sinceevery subset
of a permittedsetis permitted,thatmeansthereareno forbiddensetsandthe network is
monostable.Hence,group-winner-take-alldoesnot hold. If � ��� 6 ��~F� � ��u V 8 V ��� 6 ,
the network hasforbiddensets,but the possibility of spuriouspermittedsetscannotbe
excluded.

5 Examples

Traditional winner-take-all network This is a specialcaseof our network with �
groups,eachcontainingoneof the � neurons.Therefore,thegroupmembershipmatrix

�
is theidentitymatrix,and

� � ��� Z � L , where � denotesthevectorof all ones.According
to Corollary1, only oneneuronis permittedto beactive at a stablesteadystate,provided
that 8 G �+� 6 . We referto theactiveneuronasthe“winner” of thecompetitionmediated
by thelateralinhibition.

If weassumethattheinputs 4 � havedistinctvalues,they canbeorderedas 4 � G 4 X G��%�&��G4�� , without lossof generality. Accordingto Theorem3, any of theneurons� to � canbe
the winner, where � is definedby 4�� P � ��� 6 � 8zy � 4 � G 4�� = � . The winner dependson
the initial conditionof thenetwork dynamics.In otherwords,any neuronwhoseinput is
greaterthan � �+� 6 ��~ 8 timesthelargestinputcanendup thewinner.

Topographic organization Let the � neuronsbe organizedinto a ring, and let every
setof

,
contiguousneuronsbe a group.

,
will be called the width. For example,in a

network with � ��� neuronsand group width
, � R , then the membershipmatrix is� � � � � " � " � " � � " � � " � " � " � � " � � " � " � " � � " � � " � " � " � � � . This ring network is similar to the

oneproposedby Ben-Yishaietal in themodelingof orientationtuningof visualcortex[9].

Unlike the WTA network whereall groupsare non-overlappingwhich implies that
�

is
alwaysnondegenerate,in the ring network neuronsaresharedamongdifferentgroups,

�
will becomedegeneratewhenthe width of the groupis large. To guaranteeall permitted
setsarethesubsetsof somegroup,we have thefollowing corollary, which canbederived
from Theorem2.
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Figure1: Permittedsetsof the ring network. The ring network is comprisedof 15 neuronswith���K��� � and � ��� . In panelsA andD, the15 groupsarerepresentedby columns.Black refersto
active neuronsandwhite refersto inactive neurons.(A) 15groupsof width � �W� . (B) All permitted
setscorrespondingto thegroupsin A. (C) The15permittedsetsin B thathavenopermittedsupersets.
They are the sameas the groupsin A. (D) 15 groupswith width � ��� . (E) All permittedset
correspondingto groupsin D. (F) Thereare20 permittedsetsin E thathave no permittedsupersets.
Notethatthereare5 spuriouspermittedsets.

Corollary 2 In the ring network with � neurons, if the width
, V � ~ b 0 � , then there is

no spurious permitted set.

Fig. (1) shows thepermittedsetsof a ring network with 15 neurons.FromCorollary2, we
know that if thegroupwidth is no larger than5 neurons,therewill not exist any spurious
permittedset.In theleft threepanelsof Fig. (1), thegroupwidth is 5 andall permittedsets
aresubsetsof thesegroups.However, whenthegroupwidth is 6 (right threepanels),there
exists5 spuriouspermittedsetsasshown in panelF.

As we have mentionedearlier, the lateralinhibition strength8 playsa critical role in de-
terminingthedynamicsof thenetwork. Fig. (2) shows four typesof steadystatesof a ring
network correspondingto differentvaluesof 8 .

6 Discussion

Wehaveshown thatit is possibleto organizelateralinhibition to mediateawinner-take-all
competitionbetweenpotentiallyoverlappinggroupsof neurons.Our constructionutilizes
thedistinctionbetweenpermittedandforbiddensetsof neurons.

If there is strong lateral inhibition betweentwo neurons,then any set that contains
them is forbidden (Lemma 2). Neuronsthat belong to the samegroup do not have
any mutual inhibition, and so they form a permittedset. Becausethe synapticcon-
nectionsbetweenneuronsin the samegroupareonly composedof self-excitation, their
outputsequal their rectified inputs, amplified by the gain factor of � ~ � �f� 6 � . Hence
the neuronsin the winning group operatein a purely analog regime. The coexis-
tenceof analogfiltering with logical constraintson neuralactivation representsa form
of hybrid analog-digital computationthat may be especiallyappropriatefor percep-
tual tasks. It might be possibleto apply a similar methodto the problemof data re-



constructionusing a constrainedset of basis vectors. The constraintson the linear
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Figure2: Lateralinhibition strength� determinesthebehavior
of thenetwork. Thenetwork is aring network of 15neuronswith
width � ��� andwhere �1���F� � andinput ��� �
���¡ �¢ . These
panelsshow the steadystateactivities of the 15 neurons. (A)
Thereareno forbiddensets. (B) Themarginal state � �
£¡��¤�¦¥¨§%©«ª�¬�­^�®�F� ¯�°&� , in which the network forms a continuous
attractor. (C) Forbiddensetsexist, andsodo spuriouspermitted
sets.(D) Group-winner-take-allcase,nospuriouspermittedsets.

combination of basis vec-
tors could for example im-
plement sparsity or non-
negativity constraints.

As we have shown in The-
orem2, therearesomede-
generatecasesof overlap-
ping groups, to which our
methoddoesnot apply. It is
aninterestingopenquestion
whetherthereexists a gen-
eralway of how to translate
arbitrarygroupsof coactive
neuronsinto permittedsets
without involving spurious
permittedsets.

In the past,a greatdeal of
researchhas been inspired
by theideaof storingmem-
ories as dynamical attrac-
torsin neuralnetworks[10].
Our theory suggestsan al-
ternative viewpoint, which
is to regard permittedsets
as memorieslatent in the
synapticconnections.From
thisviewpoint,thecontribu-
tion of thepresentpaperis a methodof storingandretrieving memoriesaspermittedsets
in neuralnetworks.
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