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Abstract

It haslong beenknown thatlateralinhibition in neuralnetworkscanlead
to awinnertake-allcompetition,sothatonly a singleneuronis active at
a steadystate. Herewe shov how to organizelateralinhibition so that
groupsof neuronscompeteto be active. Given a collectionof poten-
tially overlappinggroups theinhibitory connectvity is setby aformula
thatcanbeinterpretedasarisingfrom asimplelearningrule. Our analy-
sisdemonstratethat suchinhibition generallyresultsin winnertake-all
competitionbetweenthe given groups,with the exceptionof somede-
generatecases.In a broadercontext, the network senesasa particular
illustration of the generaldistinction betweenpermittedand forbidden
sets,which wasintroducedrecently Fromthis viewpoint, the computa-
tional function of our network is to storeandretrieve memoriesasper

mitted setsof coactive neurons.

In traditional winnertake-all networks, lateralinhibition is usedto enforcea localized,
or “grandmothercell” representation which only a single neuronis active [1, 2, 3, 4].
Whenusedfor unsupervisedearning, winnertake-all networks discover representations
similar to thoselearnedby vectorquantization[5]. Recentlymary researctefforts have
focusedonunsupervisetearningalgorithmsfor sparselydistributedrepresentation, 7].
Thesealgorithmsleadto networksin which groupsof multiple neuronsare coactvatedto
represenanobject. Thereforejt is of greatinterestto find waysof usinglateralinhibition
to mediatewinnertake-all competitionbetweergroupsof neuronsasthis could be useful
for learningsparselhydistributedrepresentations.

In this paperwe shav how winnertake-all competitionbetweergroupsof neuronscanbe
learned.Givena collectionof potentiallyoverlappinggroups,the inhibitory connectvity
is sethy a simpleformulathat canbeinterpretedasarisingfrom anonline learningrule.
To show thattheresultingnetwork functionsasadwertised we performa stability analysis.
If the strengthof inhibition is sufficiently great,andthe grouporganizatiorsatisfiexertain
conditions,we show thatthe only setsof neuronghatcanbe coactvatedat a stablesteady
statearethe given groupsandtheir subsets.Becauseof the competitionbetweengroups,
only onegroup canbe activatedat a time. In general,the identity of the winning group
depend®ntheinitial conditionsof the network dynamics.If thegroupsareorderedby the
aggrejateinput thateachreceves,the possiblewinnersarethoseabove a cutoff thatis set
by inequalitiesto be specified.



1 Basicdefinitions

Letm groupsof neuronse given,wheregroupmemberships specifiedoy the matrix

a 1 if thesth neuronis in theath grou
= { group &

i 0 otherwise

We will assumehatevery neuronbelongsto atleastonegroup', andevery groupcontains
at leastone neuron. A neuronis allowed to belongto more than one group, so that the

groupsarepotentiallyoverlapping.The inhibitory synapticconnectvity of the network is

definedin termsof thegroupmembership,

- 1 _ tacay _ J O if iandj bothbelongto agroup
Jij = al;[l(l §g) = {1 otherwise )

Onecanimaginethis patternof connectvity arisingby asimplelearningmechanismSup-
posethatall elementf J areinitialized to be unity, andthe groupsare presentedequen-
tially asbinaryvectors¢?, ... , ™. Theath groupis learnedthroughthe update

Jij  Jij (1 = §&5) ®)

In otherwords, if neuronsi andj both belongto groupa, thenthe connectionbetween
themis removed. After presentatiorof all m groups,this leadsto Eq. (2). At the start
of the learningprocessthe initial stateof J correspondso uniform inhibition, which is
known to implementwinnertake-all competitionbetweenindividual neurons. It will be
seenthat, asinhibitory connectionsareremoved during learning,the competitionevolves
to mediatecompetitionbetweengroupsof neurongatherthanindividual neurons.

The dynamicsof the network is givenby

d.’l?z' +

E+a:,~: bi+a:z:z~—,3;z]ijzzzj (4)
where[z]T = max{z,0} denotegectification,a > 0 the strengthof self-excitation, and
B > 0 the strengthof lateralinhibition.

Equivalently, the dynamicscanbe written in matrix-vectorform asz + z = [b + Wx|™,

whereW = ol — J includesboth self-excitationandlateralinhibition. The stateof the
network is specifiedby the vectorz, andthe externalinput by the vectorb. A vectoruv is

saidto be nonngyative,v > 0, if all of its components&re nonneyative. The nonngyative
orthantis the setof all nonneyative vectors.It canbe shavn thatary trajectoryof Eq. (4)

startingin thenonneyative orthantremainshere. Thereforefor simplicity we will consider
trajectorieghatareconfinedto the nonneative orthantz > 0. However, we will consider
input vectorsb whosecomponentsreof arbitrarysign.

2 Global stability

The goal of this paperis to characterize¢he steadystateresponsef the dynamicsEq. (4)
to aninputb thatis constanin time. For thisto bea sensiblegoal, we needsomeguarantee
that the dynamicscorvergesto a steadystate,and doesnot diverge to infinity. This is
providedby thefollowing theorem.

Theorem1 Consider the network Eqg. (4). The following statements are equivalent:

This conditioncanbe relaxed, but is keptfor simplicity.



1. For any input b, thereis a nonempty set of steady states that is globally asymptot-
ically stable, except for initial conditionsin a set of measure zero.

2. The strength « of self-excitation isless than one.
Proof sketch:

e (2) = (1): If @ < 1, thefunction ! (1 —a)zTz+ £ 27 Jz — b" z is boundeddelow
andradially unboundedn the nonnegyative orthant. Furthermoret is nonincreas
ing underthe dynamicskg. (4), andconstanbnly at steadystates.Thereforeit is
aLyapunw function,andits local minimaareglobally asymptoticallystable.

e (1) = (2): Supposedhat(2) is false.If a > 1, it is possibleto chooseh andan
initial conditionfor x so that only one neuronis active, andthe actiity of this
neurondiverges,sothat(1) is contradicted

3 Relationship betweengroupsand permitted sets

In this sectionwe characterizehe conditionsunderwhich the lateralinhibition of Eq. (4)
enforcesvinnertake-all competitionbetweerthe groupsof neurons.Thatis, the only sets
of neuronghatcanbe coactvatedat a stablesteadystatearethe groupsandtheir subsets.
This is doneby performinga linear stability analysis,which allows usto classify active
setsusingthefollowing definition.

Definition 1 If a set of neurons can be coactivated by some input at an asymptotically
stable steady state, it is called permitted Otherwise, it isforbidden

Elsavhere we have shavn that whethera setis permittedor forbiddendependson the
submatrixof synapticconnectiondbetweemeuronsn thatset[1]. If thelargesteigervalue
of the sub-matrixis lessthanunity, thenthe setis permitted. Otherwise,it is forbidden.
We have alsoprovedthatany supersebf a forbiddensetis forbidden,while any subsebf
apermittedsetis alsopermitted.

Our goalin constructingthe network (4) is to make the groupsandtheir subsetghe only
permittedsetsof the network. To determinewhetherthis is the case we mustanswertwo
guestions.First, areall groupsandtheir subsetpermitted?Secondareall permittedsets
containedn groups?Thefirst questionis answeredy thefollowing Lemma.

Lemma 1 All groups and their subsets are permitted.

Proof: If a setis containedin a group, then thereis no lateral inhibition betweenthe
neuronsin the set. Providedthata < 1, all eigervaluesof the sub-matrixare lessthan
unity, andthe setis permitted.ll

The answerto the secondquestionwhetherall permittedsetsare containedn groups,is
not necessarihaffirmative. For example,considerthe network definedby the groupmem-
bershipmatrix ¢ = {(1,1,0),(0,1,1),(1,0,1)}. Sinceevery pair of neuronsbelongsto
somegroup,thereis nolateralinhibition (J = 0), which meanghatthereareno forbidden
sets.As aresult,(1,1, 1) is apermittedset,but obviously it is not containedn ary group.

Let's definea spurious permittedsetto be one thatis not containedin any group. For
example,{1,1,1} is a spuriouspermittedsetin the abose example. To eliminateall the
spuriouspermittedsetsin the network, certainconditionson the groupmembershignatrix
& haveto besatisfied.

Definition 2 The membership £ is degeneratef there exists a set of n > 3 neuronsthat is
not contained in any group, but all of its subsets with n — 1 neurons belong to some group.



Otherwise, ¢ is called nondeyenerate For example, ¢ = {(1,1,0),(0,1,1),(1,0,1)} is
degenerate.

Usingthis definition,we canformulatethe following theorem.

Theorem2 The neural dynamics Eg. (4) witha < 1 and 8 > 1 — «a has a spurious
permitted set if and only if £ is degenerate.

Beforewe prove thistheoremwe will needthefollowing lemma.

Lemma?2 If 3 > 1 — a, any set containing two neurons not in the same group is forbidden
under the neural dynamics Eq. (4).

Proof sketch: We will startby analyzinga very simple case,wherethereare two neu-
ronsbelongingto two differentgroups. Let the groupmembershigbe {(1,0), (0,1)}. In
thiscase W = {(a, -f), (=8, a)}. This matrix haseigervectors(1,1) and(1,—1) and
eigervaluesa — 8 anda + 8. Sincea: < 1 for globalstabilityands > 0 by definition, the
(1,1) modeis alwaysstable.Butif 8 > 1 — «a, the (1, —1) modeis unstable.This means
thatit is impossiblefor thetwo neurongo becoactvatedat a stablesteadystate.Sinceary
supersebf aforbiddensetis alsoforbidden,the generakesultof thelemmafollows. .

Proof of Theorem 2 (sketch):

e «: If £isdegeneratetheremustexistasetn > 3 neuronghatis notcontainedn
any group,but all of its subsetsvith n — 1 neuronselongto somegroup. Thereis
no lateralinhibition betweerthesen neuronssinceevery pair of neuronselongs
to somegroup. Thusthe setcontainingall n neuronss permittedandspurious.

e = If thereexists a spuriouspermittedset P, we needto prove that ¢ mustbe
degenerateWe will provethis by contradictionandinduction. Let's assume is
nondegenerate.

P mustcontainat least2 neuronssinceary one neuronsubsetis permittedand
not spurious.By Lemmaz2, these2 neuronamustbe containedn somegroup,or
elseit is forbidden. Thus P mustcontainat least3 neuronsto be spurious,and
ary pair of neuronsn P belongsto somegroupby Lemma2.

If P containsatleastn neuronsandall of its subsetsith n — 1 neuronsbelong
to somegroup, thenthe setwith thesen neuronsmustbelongto somegroup,
otherwise¢ is degenerate. Thusn mustcontainat leastn + 1 neuronsto be
spuriousandall its n subsetdelongto somegroup.

By induction,thisimpliesthat P mustcontainall neuronsn thenetwork, in which
case,P is eitherforbiddenor nonspuriousThis contradictswith the assumption
P is aspuriouspermittedset. B

FromTheorem?2, we caneasilyhave thefollowing result.

Corollary 1 If every group contains some neuron that does not belong to any other group,
then there is no any spurious permitted set.

4 The potential winners

We have seenthatif £ is nondeyeneratethe active setmustbe containedn a group,pro-
vided thatlateralinhibition is strong(8 > 1 — a). The groupthatcontainsthe active set
will becalledthe“winner” of the competitionbetweergroups.Theidentity of thewinner
depend®ntheinputb, andalsoontheinitial conditionsof thedynamics.For agiveninput,
we needto characterizavhich patterncould potentiallybe the winner.



Supposehatthe group inputs B* = )", [bi]+§$ aredistinct. Without lossof generality

we orderthe groupinputsas B! > ... > B™. Let's denotethe largestinput asb, .., =
max;{b;} andassume,,,, > 0.

Theorem 3 For nonoverlapping groups, thetop ¢ groupswith the largest group input could
end up the winner depending on the initial conditions of the dynamics, where ¢ is deter-
mined by the equation B¢ > (1 — )8 b4, > BeH!

Proof sketch: Supposéaheath groupis thewinner. For all neuronsotin this groupto be
inactive, the self-consistentonditionshouldread
tra 11— +

Z [b:] &8 > Tmax{ 5]} (5)
If a groupcontainingthe neuronwith the largestinput, this condition canalwaysbe sat-
isfied. Moreover, this groupis alwaysin thetop ¢ groups. For groupsnot containingthe
neuronwith the largestinput, this conditioncanbe satisfiedif andonly if they arein the
top ¢ groupsll

The winnertake-all competitiondescribedabove holdsonly for the caseof stronginhibi-

tion 8 > 1 — a. Ontheotherhand,if g is small,the competitionwill be weakandmay
not resultin group-winnertake-all. In particular if 3 < (1 — @)/Amaz, Whered,.; is

the largesteigervalueof —.J, thenthe setof all neuronss permitted. Sinceevery subset
of a permittedsetis permitted,that meansthereareno forbiddensetsandthe network is

monostableHence group-winnertake-alldoesnothold. If (1 — @)/ Az <8 <1 —a,

the network hasforbiddensets,but the possibility of spuriouspermittedsetscannotbe
excluded.

5 Examples

Traditional winner-take-all network This is a specialcaseof our network with N

groups,eachcontainingoneof the N neurons.Therefore the groupmembershipnatrix £

is theidentity matrix,and.J = 117 — I, wherel denoteghevectorof all ones.According
to Corollary 1, only oneneuronis permittedto be active at a stablesteadystate,provided
thatg > 1 — a. We referto theactive neuronasthe “winner” of the competitionmediated
by thelateralinhibition.

If weassumehattheinputsb; havedistinctvaluesthey canbeorderedasby; > by > --- >
b, withoutlossof generality Accordingto Theorem3, ary of theneuronsl to & canbe
the winner, wherek is definedby b, > (1 — a)B71b; > byy1. Thewinner dependson
theinitial conditionof the network dynamics.In otherwords,arny neuronwhoseinput is
greatetthan(1 — a) /g timesthelargestinput canendup thewinner.

Topographic organization Let the N neuronsbe organizedinto a ring, and let every
setof d contiguousneuronsbe a group. d will be calledthe width. For example,in a
network with N = 4 neuronsand groupwidth d = 2, thenthe membershipmatrix is
¢ = {(1,1,0,0),(0,1,1,0),(0,0,1,1),(1,0,0,1)}. Thisring network is similar to the
oneproposedy Ben-Yishaietal in themodelingof orientationtuning of visual cortex[9].

Unlike the WTA network whereall groupsare non-overlappingwhich implies that £ is
alwaysnondegeneratein the ring network neuronsare sharedamongdifferentgroups,&
will becomedegeneratavhenthe width of the groupis large. To guaranteall permitted
setsarethe subsetof somegroup,we have thefollowing corollary, which canbe derived
from Theorem?.
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Figure 1. Permittedsetsof the ring network. The ring network is comprisedof 15 neuronswith
a = 0.4 andB = 1. In panelsA andD, the 15 groupsarerepresentethy columns.Black refersto
active neuronsaandwhite refersto inactive neurons(A) 15 groupsof width d = 5. (B) All permitted
setscorrespondingo thegroupsin A. (C) The 15 permittedsetsin B thathave no permittedsupersets.
They are the sameasthe groupsin A. (D) 15 groupswith width d = 6. (E) All permittedset
correspondindo groupsin D. (F) Thereare20 permittedsetsin E thathave no permittedsupersets.
Notethatthereare5 spuriouspermittedsets.

Corollary 2 Inthering network with NV neurons, if the width d < N/3 + 1, then there is
No spurious permitted set.

Fig. (1) shavs the permittedsetsof aring network with 15 neuronsFromCorollary 2, we
know thatif the groupwidth is nolargerthan5 neuronstherewill not exist any spurious
permittedset. In theleft threepanelsof Fig. (1), thegroupwidth is 5 andall permittedsets
aresubset®of thesegroups.However, whenthegroupwidth is 6 (right threepanels)there
exists 5 spuriouspermittedsetsasshownn in panelF.

As we have mentionedearlier, the lateralinhibition strengthg playsa critical role in de-
terminingthe dynamicsof the network. Fig. (2) shaws four typesof steadystatesof aring
network correspondingo differentvaluesof 3.

6 Discussion

We have shavn thatit is possibleto organizelateralinhibition to mediatea winnertake-all
competitionbetweerpotentiallyoverlappinggroupsof neurons.Our constructionutilizes
thedistinctionbetweerpermittedandforbiddensetsof neurons.

If thereis strong lateral inhibition betweentwo neurons,then ary set that contains
them is forbidden (Lemma?2). Neuronsthat belongto the samegroup do not have
ary mutual inhibition, and so they form a permittedset. Becausethe synaptic con-
nectionshetweenneuronsin the samegroup are only composedf self-excitation, their
outputsequaltheir rectified inputs, amplified by the gain factorof 1/(1 — «). Hence
the neuronsin the winning group operatein a purely analogregime. The coexis-
tenceof analogfiltering with logical constraintson neural activation represents form
of hybrid analog-digital computationthat may be especially appropriatefor percep-
tual tasks. It might be possibleto apply a similar methodto the problem of datare-
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