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Abstract— The passie dynamic walker describedin this paper
is a robot with a minimal number of degrees of freedom
which is still capable of stable 3D dynamic walking. First, we
present the reduced-order dynamic models used to tune the
characteristics of the robot's passie gait. Our sagittal plane
modelis closelyrelatedto the compassgait model, but the steady
state trajectory passiely convergesfrom a much larger range of
initial conditions. We then experimentally quantify the stability
of the mechanicaldevice. Finally, we presentan actuated version
of the robot and somepreliminary active control strategies.The
control problemfor the actuatedversion of the robot is interesting
becausealthough it is theoretically challenging (4 degrees of
under-actuation), the mechanical design of the robot made it
relatively easyto create controllers which allowed the robot to
walk stably on at terrain and even up a small slope.

I. INTRODUCTION

In the late 1980%, Tad McGeer[1] introduceda classof
walking robots, known as passivedynamic walkers, which
walk stably dovn a small decline without the use of ary
motors. The mostimpressie passve dynamicwalker [2] has
kneesand arms,and walks with a surprisingly anthropomor
phic gait. Thesemachinesprovide an elegant illustration of
how propermachinedesigncangeneratestableandpotentially
very enepy efcient walking. Theseideas,however, are only
beginningto have animpacton theway fully actuatedipedal
robotsare designedand controlled(i.e., [3], [4]).

To bridge the gap betweenpassve and active walkers, a
numberof researcherbave investigatedthe problemof adding
a small numberof actuatorsto an otherwisepassie device
([5], [6], [7]). Therearetwo majoradwantageso thisapproach.
First, actuatinga few degreesof freedomon an otherwise
passve walker is a way to capitalizeon the enepgy ef ciency
of passie walking and the robustnessof actively controlled
systems.Second,by allowing the dynamicsof the systemto
solve alarge portionof the controlproblem,it maybe possible
to simplify the control problemthatis solved by the actuators.

The goal of this paperis to describethe mechanicablesign
of our simple 3D passie dynamic walker, and the design
of somepreliminary active control strategjies that have been
applied to a partially-actuatedversion of that robot. These
simple controllerswere createdas a baselinewith which to
comparethe learnedcontrollersthat arethe main focusof this
researchThey allow therobotto walk on at terrain,andeven
up a small slope.
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Fig. 1. The Passve Walker

Il. PassiVE DYNAMIC WALKER

The passve dynamicwalker shawvn in Figure 1 represents
the simplestmachinethat we could build which capturesthe
essenc®f stabledynamicwalking in threedimensionslt has
only a single passie pin joint at the hip. When placed at
the top of a small ramp and given a small push sidevays,
the walker will rock onto a single stanceleg, allowing the
oppositeleg to leave the groundand swing forward down the
ramp. Upon landing, the robot rocks onto the oppositefoot,
and the cycle continues.A video montagebeenincludedin
the proceedings.

The enepetics of this passie walker are commonto all
passie walkers:the enegy lost dueto friction and collisions
whenthe swing leg returnsto the groundare balancedoy the
gradualcorversionof potentialenegy into kinetic enegy as
the walker movesdown the slope.A particularchallengewith
this walker is the designof its large curved feet. Using only
reducedplanarmodelsof its dynamics,we are ableto design
feetwhich tunethe stepfrequeng andsteplengthof therobot
to producean elegant and robust gait.

This walker is morphologicallyequialentto the Tinkertoy
walker [8], exceptthaton our robotthe centerof the radiusof
cunatureof thefeetis higherthanthe centerof massBecause
of this, standingis a statically stablecon guration.



Fig. 2. Frontal PlaneModel

A. Frontal Plane Model

To modelthe dynamicsin the frontal plane,we assumehat
the robotis alwaysin contactwith the groundat exactly one
point and that the foot rolls without slipping. The equations
of motion, in termsof body angle , for this planarmodelare
givenin threepartsusingthe form

H()*+C(;)—+G()=0:

Whenj j > , the ground contactpoint is in the curved
portion one of the feet (the boundaryconditionon the outside
of the foot is not modeled),and the dynamicsare:

H()=1+ma®+ mR?
C( ;9= mRfasin ;
G( ) = mgasin :

Whenj j , the groundcontactis alongthe inside edge

of the foot. In this case,the dynamicsare:

2mR; acos ;

H()=1+ ma®+ mR?
C(;9=0
G( ) = mg(asin

2mR; acos( );

Rt sin ):

where = if > 0, otherwise = +
Finally, the collision of the swing leg with the ground
is modeledas an inelastic (angular momentumconserving)
impulse,
1 R¢ sin
R¢ cos a

2 = _ cos 2tan

which occurswhen = 0.

A simulation of thesedynamicsproducesa dampedoscil-
lation thatwill eventuallyresultin the robot standingin place
(enegy lost on impactis not restored).Our primary concern
for this modelis the frequencyof that oscillation. For a given
massand momentof inertia, we canchangethe frequeng by
changingR; . The actuatedversionof the robot, presentedn
sectionlll, carriesits massvery differently than the purely
passie version of the robot, due to the addedmassmotors
and sensorsBy simulatingthis model, we were ableto nd
very differentradii for the feetin the frontal planethat allow

Fig. 3. SagittalPlaneModel

differentversionsof the robotto both oscillatebackandforth
with the desiredstepfrequeng of approximatelyl.4 Hz. The
newestversionof our actuatedwvalker is considerablyheavier
becauset carriesthe computerand batterieson board,so we
reducedthe desiredstepfrequeng to 0.8 Hz for this robot.
B. Sajittal Plane Model

In the sagittal plane,the dynamicsare a slightly modi ed
versionof the well-studiedcompasgait [9]. The parameters
of this modelcanbe foundin Figure 3, andthe dynamicsare
given by:

H(a)g+ C(a;a)a+ G(q) = O;
whereq = [ &; sw]", and:
Hip =1 + mib* + mid® + 2mR3
Hiz =H21 = mi(b d)[dcoy «
Ho=li+ mi(b d)%

2mRs(b+ d)cog &« )

sw) Rscos(sw )]

. 1 .
C11 =mRs(b+ d) sin( s ) st + §m|d(b d) sin( st sw) —sw

Cio=mib BASn( & ) 5)+ ReSN( o )-au]
Co=mib DS o )= 3a) ReSN(o )]

1 . .
Cxp = §m|(b d)[dsin( s ) + Rssin( sw )] st
G1 =mig(b+ d)sin g
Gz, =mig(b d)sin gy:

2m;gRs sin

The abbreviation st is shorthandor the stanceleg andsw for
the swing leg.

As with the compasgait model,we assumehe swing foot
canswing throughthe ground.Only the transferof supportas
the swing leg becomesstanceleg is modeledas a collision.
Becauseour model has large curved feet rather than point
feet,someportion of the swingfoot remainsbelav the ground
for the portion of the swing phaseafter the swing leg moves
pastthe stanceleg. Therefore,we are not able to model the
time of collision as the time of the secondimpact. Instead,
usingthe outputof the frontal planemodel,we estimatethata
collision occursonceevery half periodof theroll oscillations.



At this moment,the collision is again modeledasan angular C. Experiments
momentumconservingimpulse:

g = (@a
where
11 =2bdcog sw st) (b+ d)Rscos( sw )
2bRscos(st )+ 2RZ+ P bd
122= =0 d(b Rscos(sw )
22 =0
11=(b dfdcof & sw) Rscos(s )+ (b d)
12 = Rs(b d)coy s ) Rs(b+ 2d) co sw )
+ d?+ 2RZ2+ Rsbcog sw + ) P coS(2 sw)

+d(b dycod & sw)
51 =(b d)2
5> =(b d)(dcog & sw) RscOS(st )

This simulationgeneratestabletrajectories(seeFigure 4)
that are extremely similar to thosegeneratedy the compass
gait (comparewith [9], [4]), exceptthatthey are much more
stable.Our dynamicsdo not model the edgesof the feet, so
our simulation actually modelsa passie walker shapedike
two halvesof anellipsoid. Neverthelesswe have notbeenable
to nd ary initial conditionsfrom which the systemdoesnot
returnto a stablegait. Figure4 wasgeneratedisingthe initial
conditionswith all variablessetto zeroanda slopeof 0.027
radianswhich is approximatelythe startingcon guration that
we useon our passie walker.
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Fig. 4. Limit Cyclesin the SagittalPlaneModel. p i is the pitch angle
of the left leg, which is recoveredfrom s and sy in the simulationwith
somesimple book-keeping.

The steplengthandthe forward velocity of the steadystate
gait can be tuned by adjustingthe radius of curvature, Rs.
Smallerradii causethe robotto fall forward morequickly. For
the slopeof 0.027radians,a simulationof our modelpredicts
that our robot will take stepsof 2.56 inches(6.50 cm) and
walk with an averageforward velocity of 8.81 inches/second
(22.38cm/s).

Simulationsof the frontal and sagittal plane models,com-
plete with the parametewaluesusedto generatetheseplots,
are available on the web [10]. A simulation of the full 3D
dynamicswill be availabletheresoon.

The planarmodelsare tools for designingthe curvature of
the feet to approximatelytune the step frequeng and step
length of our robot. The coupling betweenthesemodelsis
more complicated,and we are currently studying them in
a simulation of the full 3D dynamics.The most important
characteristiof this couplingis that enegy from the sagittal
planestabilizesoscillationsin the frontal plane.Consequently
we shouldexpectto obsere smallerstepsthanthat predicted
by the sagittalplanemodel.

Using the cunature of the feet in the frontal (R¢) and
sagittal (Rs) planesdeterminedfrom the planar models,we
machinedexperimentaffeeton our CNC milling machineThe
surfaceof the feet are given by:

q
z= R?

Usingthesefeet,our robotproducestableperiodictrajectories
when placedon a small decline. Figure 5 demonstrateshis

stability with a sampletrajectoryof the machinewalking down

a slopeof 0:027 radians. ) is the roll angle of the robot
body, in radians,which was simply called in the frontal

planemodel.This datawasactuallyrecordedrom the actuated
versionof the robotwith its ankle joints mechanicallylocked

in place.
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Fig.5. Passve Walking ExperimentsThetop gure plotstheraw (un ltered)
yaw, pitch, androll sensorgfor walking down a slopeof 0:027 radians.The
bottom gure is the statespaceplot of the resultinglimit cycle in the roll
axis, low-pass Itered at with a cut-off at 8 Hz.

Thelimit cycle displayedn Figure5 is fairly typical. Notice
that the initial conditionsfor the robot are slightly outside
the steadystatetrajectory but that trajectoriescorverge to a



very reproduciblecycle in roll and pitch. The robot has an
uncompensatethomentaboutthe yaw axis - it will twist and
turnwheneer the point contactof thefoot slipson the ground.
This canbe seenin the wanderingtraceof the yaw variable.

Upon closeinspection,we determinedthat the majority of
the noise visible in our un ltered datais actually due to a
mechanicalibration of the leg at approximately10 Hz. For
this reasonwe have decidedto low-pass Iter our limit cycle
plotsat 8 Hz with a 4th-orderButterworth Iter (samplingrate
is 100 Hz).

D. Local Stability Analysis

The local stability of the passive walkers is traditionally
guanti ed by examiningthe eigervaluesof the linearizedstep-
to-stepreturnmap[1], takenarounda pointin the periodeither
immediatelyprecedingor immediatelyfollowing the collision.
While we are currently designinga foot contactswitch that
will not interferewith the curved feet of the robot, the return
map for this analysisis evaluatedthrough the hyperplane

roll = 0, when ¢ > 0. The point in the cycle when the
robot passeghroughthe vertical positionin the frontal plane
is the expectedpoint of impact.

The stateof our passve robot is describedby 4 variables
( yaw, 1IPich » rpPich » roil) andtheir derivatives, therefore
the return map hasdimension?. IPitch is shortfor left leg
pitch and r Pitch is for the right leg pitch. To evaluatethe
eigervalues of the return map experimentally on our robot,
we ranthe robotfrom a large numberof initial conditionsand
createdthe vectorsxji , 71 vectorswhich representhe state
of the systemon the ith crossingof the | th trial. For eachtrial
we estimatedx; , the equilibrium of the return map. Finally,
we performeda leastsquarest of the matrix A to satisfythe
relation .
Che X;):
Thiswasaccomplishedby accumulatinghe datafrom all trials
into matrices

X =[x}
Y =[x3

Xj) = A(X]

Xq; X2
Xq;X2
and computing

A=YXT(XxT) %

After 63 trials with the robotwalking down arampof 0.027
radians,our linear approximationof the return map had the
following eigervalues:0:88, 0:87, 0:75, 0:70, 0:34 0:11. 61
trials with on a slopeof 0.035radiansproducesvery similar
eigervalues(0:88, 0:70, 0:43 0:01i, 0:36 0:08i, 0:21). We
have also studiedthe associateceigervectors,but nd them
dif cult to interpretsincethey are sensitve to the units and
scaleof our data.The largesteigervalue of 0:88 indicatesthat
this systemis locally stable.

The distribution of equilibrium trajectorieswas unimodal
andnarrav for both slopes(examinedseparately)We believe
that most of the variancein the distribution of equilibrium
trajectories can be accountedfor by sensor noise, small

Fig. 6. The Toddler Robot

disturbancesand changesin the effective ramp angle when
the robot yaws to onesside or the othet

E. Domain of Attraction

In practice,the robot can be initialized from a large range
of initial conditions and can recover from relatively large
perturbations Becausethe return map has someeigervalues
closeto 1, this recovery takes mary steps.Walking trials are
nearly always startedwith the robot tilted sidevaysto a non-
Z€ero o positionbut with yaw, ipitcch » @and (pich closeto
zero. It is not necessaryo give the robot ary initial forward
velocity.

When startedin this con guration, one of three things
happenlf j qj is too small, approximatelylessthan 1:25 ,
thenthe robot will convergeto a stable x ed pointat ¢ =
ol = 0. If 2 < jonj < , where is the angleat
which the centerof massof the robot is directly abore the
outsideedgeof thefoot, thenthe robotreturnsto a stablegait.
For largerj q11j, therobotfalls over sidavays.On our robot,

= 0:03 radiansand = 0:49 radians,which makes for a
very large basinof attractionin this dimension.Comparethis
with the predictionsof the compasgait model,which mustbe
initialized much closerto the steadystatetrajectoryin order
to producestablewalking.

I1l. TODDLER - THE ACTUATED VERSION

In order for the robot to walk on the at, it mustactively
restorethe enepgy lost during impact. One candidateactive
control stratgy would be to apply torquesat the existing
hip joint, but it may be dif cult to actuatethe hip without
disrupting the basic passie gait. On the robot shavn in
Figure 6, the hip joint is passve, but we have addedtwo
active joints (pitch androll) at eachankle.We call this robot
“Toddler” becausethe word is normally usedto describea
child during the time that they arelearningto walk, andthis
robotis primarily designedo investigate learningalgorithms
for dynamicwalking. The nameis also appropriatebecause
the robot literally toddlesback and forth whenit walks.

Toddler's four active degreesof freedomare actuatedby
seno motorsthrough mechanicalinkages.They are con g-
ured so that when the motors are commandedo hold their



zero position, the robot simulatesthe passie walker. The

robotis also equippedwith a two axis gyroscopictilt sensor
(measuring pih and o), three rate gyros (measuring
~aw, —+Pich and o), andtwo potentiometersat the hips

to measurethe relative hip angles.Notice that this machine
hasone moredegreeof freedomthanit's passve counterpart,
which we call ppiich Or body pitch. The body hasa center
of massbelow the hip, so it hangspassvely, and primarily

containsanembeddedPC/104stackwith a700MHz processor
which runs the control algorithms. Paver is supplied by

lithium polymer batterypacks.

By assumingthat the robot is always in contactwith the
ground, we can describethe generalizedstate of this robot
with 5variab|es( yaw |Pitch » bPitch » rPitch » roII) plustheir
derivatives. Becausethe robot only has four actuators,it is
clearly an underactuatedsystem.The challengeis to produce
a control stratgy for the ankle actuatorswhich (directly or
indirectly) controlsall 5 degreesof freedom.

To solve this problem, we rst focus our attention on
stabilizingthe oscillationin thefrontal plane.Thefrontal plane
modelis a simpli cation of the dynamicsof the robot on a
ramp, but it is also a reasonableepresentatiomf the robot's
dynamicswhenit is placedon a at surface.Thefrontal plane
modelfor the actuatedversioncan be written as:

H(aq)g+ C(q;a)a+ G(q) = u;

whereq = [ ; 1a; ra]’ andu = [O;uja; Ura]". The abbrevi-
ationsla andra areshortfor left andright ankle,respectiely.
The impactmodel can be written as

(g’ = (@)a

At eachcollision with the ground,the kinetic enegy of the
system, T, changedy:

T=2a" @H@ (@ H@ @

where = ( *) ! .In orderto stabilizethe oscillations,
the control torques, u, must restore the enegy lost from
thesecollisions. In the following sections,we will discuss
two simpleactuationstratgiesthat have alreadybeenapplied
successfullyto the robot.

A. FeedForward Ankle Trajectories

The rst actuationstratgy that we experimentedwith use
the idea of coupled oscillators. The mechanicalsystemin
the frontal plane is a dampedoscillator If we producea
secondscillatorin the control systemwhich could entrainthe
dynamicsof the mechanicaloscillator then the result would
be stablewalking. For simplicity, we startedthis experiment
by consideringonly one-way coupling:a feed-forward control
systemwhich forcesthe mechanicabscillator

The ankle senos are PD controllerswhich follow a refer
encetrajectory The oscillatoris simply:

4= sin@2 !t)

d — d
la = ra

Whetheror not the robot's dynamicscould entrainto the dy-

namicsof the controllerdependedn the relationshipbetween
the controllersfrequeng, ! , andthe passie stepfrequeng of

therobot. Surprisingly the bestentrainmenbccurredvhenthe

controllerwas a little slower than the passie stepfrequeny

(! = 0:55 for our robot steppingat 0:8 Hz). We believe that
the succesof this simple controller can be attributed to the

mechanicaldesignof the robot.
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Fig. 7. ExampleFeedforward Limit Cycle

Local stability analysisof the limit cyclesgeneratedy the
feed forward controller suggestghat this controlleris more
stablethan the passve system.The eigervaluesof the return
map evaluatedfrom 89 trials on at terrain were 0:80, 0:60,
0:49 0:04i, 0:36, 0:25, 0:20 0:01i, 0:01 Practically this
controller corverges from a large region of state space,but
is very sensitve to disturbancesn phase.The robot mustbe
initialized in phasewith the controller and relatively small
perturbationcan knock it out of phase.

B. Feedbak Ankle Trajectories

A more direct approachto stabilizing the roll oscillations
is to build a controllerwhich, on every cycle, injects exactly
the amountof enegy into the systemthatwaslost during that
cycle. Evensimpleris theideaimplementedy Marc Raiberts
height controller for hoppingrobots([11], [12]): if we inject
a roughly constantamountof enegy into the systemduring
every cycle, then systemwill settleinto a stable oscillation
with an amplitudethatis monotonicallyrelatedto the enegy
injected.

Our heuristic for injecting a roughly constantamount of
enegy on eachcycle is implementedusing a state machine
with only two states.The right ankleis given by:

d ( 0:08rad if
r

a 0 rad

roll > O:1radand 4 > 0:5 rad/s
otherwise

and the left ankle controller is symmetric. With this state
machine,asthe robotrolls from an upright positiononto one
foot, it crossesa thresholdposition and velocity at which the
stanceankle is seno-ed by a small x ed amount, causing
the robot to acceleratefurther in the direction that it was
moving. As the robot is maoving back toward the upright
position, the ankle is seno-ed back to the original zero
position, which further accelerateshe centerof masstoward



the upright position. Both anklesare at the zero position at

roll = 0in orderto minimize the enegy lost by the collision
with the ground. The desiredangle in the non-zerostateis
monotonicallyrelatedto the resultingamplitudeof oscillation.
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Fig. 8. Example FeedbackLimit Cycle. This trajectory demonstratesa
gradualcorvergencefrom small initial conditions.

The local stability analysisof this controller reveals that
this controller corverges more quickly than both the feed-
forwardcontrollerandthepurelypassie device. After 58trials
on at terrain, our linear return map analysisproducedthe
eigervalues0:78,0:69 0:03i, 0:44,0:36 0:04i, 0:13 0:06i,
0:13. Practically this controller is very stable.lIt is able to
recover from very large disturbancesand from very small
initial conditions.

C. \elocity Contol

We controlthe dynamicsof the sagittalplaneindependently
usinga simple velocity control algorithm. The robot walks in
placewhen the centerof massof the entire robot is directly
above the point of contactbetweenthe foot and the ground.
Whenthe centerof massis outin front of the groundcontact
point, the robot will leanforward. As soonasoneleg leaves
the ground, the passie joint at the hip allows it to swing
forward, andthe robot begins walking. This happensiaturally
whentherobotis on anincline. Thefartherthe centerof mass
is from the groundcontactpoint, the fasterthe robotwill move
in thatdirection.On Toddler the operatorspeci esthedesired
forward speedby joystick, and the correspondingplacement
of the centerof massis controlledby actuatingthe anklepitch
actuatorsThe heuristicmalesit easyfor Toddlerto walk on
at terrain,and even up small inclines. For large changesn
slope, the gains of the roll stabilizing controllers must also
adapt.

Thedirectionof therobotcanalsobe controlled,to alimited
degree, by differentially actuatingthe right and left ankles
(either pitch or roll). Currently the yawing of the robot due
to momentumof the swing leg andslipping on the stanceleg
limit the controllability of the robot's heading Futureversions
of the robot will have armsto compensatdor this yaw, and
shouldbe ableto turn more accurately

IV. CONCLUSIONS AND FUTURE WORK

The passve dynamic walker presentedin this paperhas
only a few degreesof freedom,but it is capableof stable

3D dynamicwalking. The dynamicsare simple enoughthat
they canbe fully modeledandunderstoodWe have presented
the preliminary modelingwork, which consideredhe frontal
andsagittalplanesindividually, andare currently studyingthe
threedimensionaldynamicsto betterunderstandhe coupling
terms.

The control problem for the Toddler robot is interesting
becausealthoughit is theoreticallychallenging(4 degreesof
underactuation),the mechanicaldesignof the robot madeit
relatively easyto createcontrollerswhich allowed the robot
to walk stablyon at terrainandeven up a small slope.This
featureof therobotmakesit anexcellentplatformfor studying
machinelearningcontrol stratgyies, which is the true focus of
our project. The simple controllerspresentechere are being
usedasbaselinesvith which we cancomparethe performance
of our learnedcontrollers.In the future, we would alsolike to
implementmore elegant model-basedunderactuatedcontrol
stratgiesthat might allow for improved active control of step
lengthandstepfrequeng, andpossiblyallow therobotto walk
over rough or intermittentterrain.
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