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Abstract

Backpropagation and contrastive Hebbian learning are two methods of training
networks with hidden neurons. Backpropagation computes an error signal for the
output neurons and spreads it over the hidden neurons. Contrastive Hebbian
learning involves clamping the output neurons at desired values, and letting the
effect spread through feedback connections over the entire network. To investigate
the relationship between these two forms of learning, we consider a special case
in which they are identical, a multilayer perceptron with linear output units, to
which weak feedback connections have been added. In this case, the change in
network state caused by clamping the output neurons turns out to be the same
as the error signal spread by backpropagation, except for a scalar prefactor. This
suggests that the functionality of backpropagation can be realized alternatively
by a Hebbian-type learning algorithm, which is suitable for implementation in

biological networks.



1 Introduction

Backpropagation and contrastive Hebbian learning (CHL) are two supervised
learning algorithms for training networks with hidden neurons. They are of inter-
est, because they are generally applicable to wide classes of network architectures.
In backpropagation (Rumelhart, Hinton, & Williams, 1986b, 1986a), an error sig-
nal for the output neurons is computed and propagated back into the hidden
neurons through a separate teacher network. Synaptic weights are updated based
on the product between the error signal and network activities. CHL updates the
synaptic weights based on the steady states of neurons in two different phases
— one with the output neurons clamped to the desired values and the other one
with the output neurons free (Movellan, 1990; Baldi & Pineda, 1991). Clamping
the output neurons causes the hidden neurons to change their activities, and this
change constitutes the basis for the CHL update rule.

CHL was originally formulated for the Boltzmann machine (Ackley, Hinton, &
Sejnowski, 1985), and was extended later to deterministic networks (Peterson &
Anderson, 1987; Hinton, 1989), in which case it can be interpreted as a mean-field
approximation of the Boltzmann machine learning algorithm. However, this in-
terpretation is not necessary, and CHL can be formulated purely for deterministic
networks (Movellan, 1990; Baldi & Pineda, 1991). Compared to backpropagation,
CHL appears to be quite different. Backpropagation is typically implemented in
feedforward networks, whereas CHL is implemented in networks with feedback.
Backpropagation is an algorithm driven by error, whereas CHL is a Hebbian-type
algorithm, with update rules based on the correlation of pre- and post-synaptic
activities. CHL has been shown to be equivalent to backpropagation for net-
works with only a single layer (Movellan, 1990), and there has been some other
work to relate CHL to the general framework of backpropagation (Hopfield, 1987;
O’Reilly, 1996; Hinton & McClelland, 1988). However, a direct link between them
for networks with hidden neurons has been lacking.

To investigate the relationship between these two algorithms, we consider a



special network for which CHL and backpropagation are equivalent. This is a
multilayer perceptron to which weak feedback connections have been added and
with output neurons that are linear. The equivalence holds because in CHL
clamping the output neurons at their desired values causes the hidden neurons to
change their activities, and this change turns out to be equal to the error signal

spread by backpropagation, except for a scalar factor.

2 The learning algorithms

In this section, we describe the backpropagation and CHL algorithms. Backpropa-
gation is in the standard form, implemented in a multilayer perceptron (Rumelhart
et al., 1986b). CHL is formulated in a layered network with feedback connections
between neighboring layers of neurons. It is an extension of the typical CHL

algorithm formulated for recurrent symmetric networks (Movellan, 1990).

2.1 Backpropagation

Consider a multilayer perceptron with L + 1 layers of neurons and L layers of
synaptic weights (Figure 1A). The activities of the kth layer of neurons are denoted
by the vector xy, their biases by the vector by, and the synaptic connections from
layer k — 1 to layer k by the matrix Wj. All neurons in the kth layer are assumed
to have the same transfer function fi, but this transfer function may vary from
layer to layer. In particular, we will be interested in the case where f;, is linear,
though the other transfer functions may be nonlinear. In the basic definition, fj
acts on a scalar and returns a scalar. However, we will generally use fi to act on
a vector, in which case it returns a vector, operating component by component by
fr- fi is the derivative of f; with respect to its argument. Similar to fj, when f;
acts on a vector, it returns a vector as well, operated by f; in each component.
We assume that f; is monotonically increasing.

Backpropagation learning is implemented by repeating the following steps for

each example in a training set of input-output pairs.



1. In the forward pass,

Tr = fr(Whap—1 + br) (1)
is evaluated for £ = 1 to L, thereby mapping the input xg to the output z.

2. The desired output d of the network, provided by some teacher, is compared

with the actual output x; to compute an error signal
yr = Dr(d—zr) (2)

The matrix Dy = diag{ f,(Wyxr_1 + br)} is defined by placing the compo-

nents of the vector fi(Wyxi_1 + bx) in the diagonal entries of a matrix.

3. The error signal is propagated backwards from the output layer by evaluating
Y1 = De 1 Wi yi (3)
for k= L to 2.

4. The weight update
AWy = nyay_y (4)

is made for k£ =1 to L, where n > 0 is a parameter controlling the learning

rate.

2.2 Contrastive Hebbian learning

To formulate CHL, we consider a modified network, in which in addition to the
feedforward connections from layer k& — 1 to layer k, there are also feedback con-
nections between neighboring layers (Figure 1B). The feedback connections are
assumed to be symmetric with the feedforward connections, except that they are
multiplied by a positive factor 7. In other words, the matrix YW, contains the
feedback connections from layer k back to layer k£ — 1.

CHL is implemented by repeating the following steps for each example of the

training set.



1. The input layer zq is held fixed, and the dynamical equations

dx
d—tk + x = fk(kak—l + WWkTkaH + bk) (5)

for kK = 1 to L are run until convergence to a fixed point. The case k = L
is defined by setting xy,1; = 0 and Wy, = 0. Convergence to a fixed point
is guaranteed under rather general conditions, to be shown later. This is
called the free state of the network, and is denoted by Zj for the kth layer

neurons.

2. The anti-Hebbian update
AWk == —77’7k_Lfki'Z_1 (6)
is made for k=1, ..., L.

3. The output layer x, is clamped at the desired value d, and the dynamical
equation 5 for k = 1 to L — 1 is run until convergence to a fixed point. This

is called the clamped state, and is denoted by zj for the kth layer neurons.

4. The Hebbian update
AWy, = iy iy d_, (7)

is made for k=1, ..., L.

Alternatively, the weight updates could be combined, and made after both

clamped and free states are computed,
AW, = WVk_L(kaiA - jkjg—l)' (8)

This form is the one used in our analysis.
This version of CHL should look familiar to anyone who knows the conventional
version, implemented in symmetric networks. It will be derived in section 4, but

first we prove its equivalence to the backpropagation algorithm.



3 Equivalence in the limit of weak feedback

Next, we prove that CHL in equation 8 is equivalent to the backpropagation
algorithm in equation 4, provided that the feedback is sufficiently weak and the
output neurons are linear.

In notation, x, Zj, and &y represent the kth layer activities of the feedforward
network, the clamped state and the free state respectively. We consider the case
of weak feedback connections, 7 < 1, and use “~<” symbol to mean that terms of

higher order in v have been neglected and “~” to denote the order.

The proof consists of the following four steps:

1. Show that the difference between the feedforward and free states is of order
~ in each component,

forall k=1,..., L.

2. Show that in the limit of weak feedback, the difference between the clamped

and free states satisfies the following iterative relationship,
Sz, = 3y, — 7 = YDRWE 07k + O(YEF), (10)
fork=1,...,L—1, and dz;, =d — Zy.

3. Show that if the output neurons are linear, dz;, is related to the error signal

in backpropagation through
dxy, = " Fyp + O(yF . (11)
4. Finally, show that the CHL update can be approximated by
AWy = nyrai_y + O(7). (12)

In the CHL algorithm, clamping the output layer causes changes in the out-
put neurons to spread backward to the hidden layers, because of the feedback

connections. Hence, the new clamped state differs from the free state over the



entire network, including the hidden neurons. Equation 10 states that dx; decays
exponentially with distance from the output layer of the network. This is because
the feedback is weak, so that dxj is reduced from oz, by a factor of ~.
Remarkably, as indicated in equation 11, the difference between the clamped
and free states is equivalent to the error signal y, computed in the backward pass
of backpropagation, except for a factor of v*~% when the output neurons are
linear. Moreover, this factor annihilates the factor of ¥*=% in the CHL rule of

equation 8, resulting in the update rule equation 12.

3.1 Proof

To prove the first step, we start from the steady state equation of the free phase,
i = frWidn-1 + by + YWl Zri1), (13)

for K = 1,...,L — 1. Subtracting this equation from equation 1 and performing

Taylor expansion, we derive

= frWedio1 + be + YWl Eri1) — Fe(Wiar—1 + by) (15)

= DyWiddp—1 + vDeW/ 1 + O(|Widip—y + YW Zesa]?) (16)

for all hidden layers, and 6%y = D Wrdir_1 + O(||Wrdzr_1||*) for the output
layer. In equation 15, the expansion is done around Wyxp_1 + bi. Since the zeroth
layer is fixed with the input, 0Zg = 0, under the above iterative relationships, we
must have d&, ~ v in each component, that is, 0% is in the order of v, for all
k=1,.., L.

To prove equation 10, we compare the fixed point equations of the clamped

and free states,

F @) = Wideo1 + b + YW@k (17)

f71<fk) = WiZp_1 + b+ 7W5+1jk+17 (18)



for k = 1,...,L — 1, where f~! is the inverse function of f in each component.
Subtract them and perform Taylor expansion around . Recall the definition of

0xy, = T — . We have

Wibzy—1 + YWl 6z = F1 (&) — F ' (@) (19)
= Jox, + O(H5:BkH2), (20)

where the matrix J, = diag{df~'(#;)/0%x}. Since &y — x ~ 7, to the leading
order in 7, matrix .J; can be approximated by Jj, ~ diag{0f (xy)/0zs} = D; ",
and Jydxy, = Dy 97y, + O(7||d74]|). Substituting this back to equation 20, we get

dxp = Dp(Widzp_1 + ’yW,?H(Sa:kH) + O(y||0xk|) + (9(|]59:k||2) (21)

Let us start from k& = 1. Since the input is fixed (dxy = 0), we have dx; =
yDiWiExg + O(v||0z1])), and therefore, dxy = yDyW{ dxg + O(7?||0x2||). Next,
we check for k = 2, in which case dzy = DyWodxy + yDaWE s + O(||dz2])).
Substituting dz;, we have dxg = yDoW{ dx3 + O(7||d22]), and therefore, dzo =
YDyWE a3 + O(%||6x3]|). Following this iteratively, we have

5z, = YDRW,l 1 0zk41 + O] 02k ), (22)

for all k =1,...,L — 1. Notice that dz;, =d— 2, =d — x; + O(v) is of order 1.

Hence, dzy_1 = yDy Wl oxy + O(4?), and iteratively, we have
dxy, = yDyWi 0y + O(yF ), (23)

for k =1,...,L—1. Therefore, equation 10 is proved. This equation indicates that

k1 and 6xj, ~ v*~* in each component.

Sk ~ yox
If the output neurons are linear, then y;, = dxy + O(7). Consequently, dz; =
YERy + O(yERY) for all k =1, ..., L.
Finally, the weight update rule of CHL follows

W AT

AWy, = " i, — Bri,) (24)
= " oy + Y ey + T ey (25)
= M homE, + 0(7) (26)
= nyri_, + O(). (27)



The last approximation is made because 1 — xy_1 ~ 7. This result shows that
the CHL algorithm in the layered network with linear output neurons is identical

to the backpropagation as v — 0.

Remark: For nonlinear output neurons, dz; of CHL is different from y; in
equation 2 computed in backpropagation. However, they are within 90 degrees,
if viewed as vectors. Moreover, if the activation function for the output neurons
is taken to be the sigmoidal function, i.e., fr(z) = 1/(1 + exp(—=z)), the CHL

algorithm is equivalent to backpropagation based on the cost function:
—d" log(zp) — (1 —d)" log(1 — x1), (28)

since in this case y;, = d — xr. In the above, function log acts on a vector and

returns a vector as well.

4 Contrastive Function

The CHL algorithm stated in section 2.2 can be shown to perform gradient de-
scent on a contrastive function that is defined as the difference of the network’s
Lyapunov functions between clamped and free states (Movellan, 1990; Baldi &
Pineda, 1991).

Suppose E(x) is a Lyapunov function of the dynamics in equation 5. Con-
struct the contrastive function C(W) = E(z) — E(&), where Z and & are steady
states of the whole network in the clamped and free phase respectively, and
W = {Wy,...,Wr}. For simplicity, let us first assume that F(z) has a unique
global minimum in the range of x and no local minima. According to the def-
inition of Lyapunov functions, & is the global minimum of E, and so is &, but
under the extra constraints that the output neurons are clamped at d. Therefore,
C(W) = E(z)— E(Z) > 0 and achieves zero if and only if £ = Z, that is, when the
output neurons reach the desired values. Performing gradient descent on C(WV)
leads to the CHL algorithm. On the other hand, if E(x) does not have a unique

minimum, # and £ may only be local minima. However, the above discussion
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still holds, provided that Z is in the basin of attraction of # under the free phase
dynamics. This imposes some constraints on how to reset the initial state of the
network after each phase. One strategy is to let the clamped phase settle to the
steady state first, and then run the free phase without resetting hidden neurons.
This will guarantee that C'(WW) is always nonnegative and constitutes a proper
cost function.

Next we introduce a Lyapunov function for the network dynamics in equa-

tion 5,
L

E(z) =Y A1 " Fiwy) — af Wiag_y — by 2], (29)

k=1
where function F}, is defined so that Fj(r) = £, '(z). * = {xy,..., v} represents
the states of all layers of the network. Equation 29 is extended from Lyapunov
functions previously introduced for recurrent networks (Hopfield, 1984; Cohen &
Grossberg, 1983).

For E(z) to be a Lyapunov function, it must be nonincreasing under the

dynamics equation 5. This can be shown by

- a(E) “0)
- ZVk*L[fkfl(l'k) — Wik = YW@ — bi] " (31)

k=1
= YA ) — e )] e — @b )] (32)
<0, (33)

where the last inequality holds because f; is monotonic as we have assumed.
Therefore, F(z) is nonincreasing following the dynamics, and stationary if and
only if at the fixed points. Furthermore, with appropriately chosen f;, such as
sigmoid functions, F(z) is also bounded below, in which case F(z) is a Lyapunov
function.

Given the Lyapunov function, we can form the contrastive function C'(WW') and

derive the gradient descent algorithm on C accordingly.
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The derivative of E(&) with respect to W is

dE(#) OE OF 0y
p— 4
av, oW, zk: D O, (34)
OE
= i (35)
= _’YkiLikiilp (36>

where the second equality holds because OE /0%y, = 0 for all k at the steady states.
Similarly, we derive
D) — et (37)
Combining the above two equations, we find the derivative of C'(WW') with respect
to W, shall read
dc  dE(z) dE(%)
AW, ~ dw, AWy

k_L@kQ}ZA - fkf;}r—1)~ (38)

With a suitable learning rate, gradient descent on C(W) leads to the CHL

algorithm in equation 8.

5 Equivalence of cost functions

In section 3, we proved that the CHL algorithm in the layered network with linear
output neurons is equivalent to backpropagation in the weak feedback limit. Since
both algorithms perform gradient descent on some cost function, the equivalence
in the update rule implies that their cost functions should be equal, up to a mul-
tiplicative or an additive constant difference. Next, we demonstrate this directly
by comparing the cost functions of these two algorithms.

The backpropagation learning algorithm is gradient descent on the squared
difference, ||d — x||?/2, between the desired and actual outputs of the network.

For the CHL algorithm, the cost function is the difference of Lyapunov func-
tions between the clamped and free states, as shown in the previous section. After

reordering, it can be written as

L
C = Z’ykiL[lT(Fk(‘f?k) — Fk(ik)) — (S.Tg(Wki’k,l + bk> — 6x£71Wk jﬁk} (39)
k=1
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Recall that dz; ~ ~%~*. Therefore, the dz; term above multiplied by the
factor v*~% is of order 1, whereas the dz;_; multiplied by the same factor is of
order 7, and thus can be neglected in the leading order approximation. After this,
we get

L
C = A" (Fi(dn) — Fulin)) — daf (Wads1 + b)) + O(y).  (40)
k=1

If the output neurons are linear (f(z) = z), then Fp(z) = 27z/2 and
WrZr_1+ by = &. Substituting them into C' and separating terms of the output

and hidden layers, we derive

L-1

L 7. T y _ 1. y
C = E(x:LFxL —iTd — 6wtar) + Z’yk Lsal[f (ag) — Wiidp—y — b + O(%)
k=1
1
= Lja—ml? + 00, (41)

where the second term with the sum vanishes because of the fixed point equations.

In conclusion, to the leading order in 7, the contrastive function in CHL is equal
to the squared error cost function of backpropagation. The demonstration on the
equality of the cost functions provides another perspective on the equivalence
between these two forms of learning algorithms.

So far, we have always assumed that the output neurons are linear. If this is
not true, how different is the cost function of CHL from that of backpropagation?
Repeating the above derivation, we get the cost function of CHL for nonlinear

output neurons,
C = 1Fp(ar) — 1T Fu(ir) — oxp 7 (3) + O(7) (42)
= UV Fi(aep) = dag fr ' (wp) + 17 Fr(d) + O(y). (43)

With sigmoidal-type activation function for output neurons, Fy(z) = xlog(z) +

(1 — z)log(1 — 2z). Substituting this into equation 43, we find
C = —d"log(xy) — (1 —d) log(1 — x1) + 17 Fp(d) + O(y), (44)

which is the same as the cost function in equation 28 in the small v limit, except

a constant difference.
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6 Simulation

In this section, we use the backpropagation and the CHL algorithm to train a 784-
10-10 three-layer network to perform hand-written digit recognition. The data
we use is an abridged version of the MNIST database containing 5000 training
examples and 1000 testing examples.

We use the sigmoidal function fi(z) = 1/(1 + exp(—=)) for the hidden and
output layers. The backpropagation algorithm is based on the cost function in
equation 28. We simulate the CHL algorithm in the layered network with three
different feedback strength, v = 0.05, 0.1, and 0.5 respectively.

The label of an input example is determined by the index of the largest out-
put. After each epoch of online training, the classification and squared error for
both training and testing examples are computed, and plotted in Figure 2. The
classification error is defined as the percentage of examples that are classified in-
correctly. The squared error is defined as the mean squared difference between
the actual and desired output for all training or testing examples. The desired
output is 1 on the output neuron whose index is the same as the label, and zero
on the output neurons otherwise.

The learning curve of CHL algorithm is very similar to those of backpropaga-
tion for v = 0.05 and 0.1, and it deviates from the learning curve of backpropaga-
tion for v = 0.5 (See Figure 2). In the simulation, we find the overall simulation
time of the CHL algorithm is not significantly longer than that of the backprop-
agation. This is because the layered network tends to converge to a steady state

fast in the case of weak feedback.

7 Discussion

We have shown that backpropagation in multilayer perceptrons can be equiva-
lently implemented by the CHL algorithm if weak feedback is added. This is
demonstrated from two different perspectives: evaluating the two algorithms di-

rectly, and comparing their cost functions. The essence behind this equivalence is
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that CHL effectively extracts the error signal of backpropagation from the differ-
ence between the clamped and free steady states.

The equivalence between CHL and backpropagation in layered networks holds
in the limit of weak feedback, which is true mathematically. This, however, does
not imply that in engineering problem solving we should substitute CHL for back-
propagation to train neural networks. This is because in networks with many
hidden layers, the difference between the clamped and free states in first few lay-
ers would become very small in the limit of weak feedback, and therefore CHL
will not be robust against noise during training. In practice, when CHL is used
for training the layered-networks with many hidden layers, the feedback strength
should not chosen to be too small, in which case the approximation of CHL to
backpropagation algorithm will be inaccurate.

The investigation on the relationship between backpropagation and CHL is
motivated by the researches looking for biologically plausible learning algorithms.
It is believed by many that backpropagation is not biologically realistic. However,
in an interesting study done by Zipser and Andersen on coordinate transform in
posterior parietal cortex of monkeys, they show that hidden neurons in a network
model trained by backpropagation share very similar properties to real neurons
recorded from that area (Zipser & Andersen, 1988). This work has prompted the
search for a learning algorithm, which has similar functionality as backpropaga-
tion (Crick, 1989; Mazzoni, Andersen, & Jordan, 1991), and at the same time is
biologically plausible. CHL is a Hebbian-type learning algorithm, relying only on
pre- and post-synaptic activities. The implementation of backpropagation equiv-
alently by CHL suggests that CHL could be a possible solution to this problem.

Mazzoni et al. also proposed a biologically plausible learning rule as an alterna-
tive to backpropagation (Mazzoni et al., 1991). Their algorithm is a reinforcement
type learning algorithm, which is usually slow, has large variance, and depends
on global signals. In contrast, the CHL algorithm is a deterministic algorithm,
which could be much faster than reinforcement learning algorithms. However,

a disadvantage of CHL is its dependence on special network structures, such as
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the layered network in our case. Whether either algorithm is used by biologi-
cal systems is an important question, which needs further investigations in both

experiments and theory.
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A Multilayer perceptron

0 k-1 k L
T
o

B Layered network with feedback

0 k-1 k L
W, —»feedforward

Q<—> cee
JaW

2
o

YWy < feedback

Figure 1: Diagram on the network structures of the multilayer perceptron (A) and
the layered network with feedback connections (B). Layer 0 is the input, layer L
is the output, and the others are hidden layers. The forward connections are
the same for both networks. In (B), there exist feedback connections between

neighboring layers of neurons.
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Figure 2: Comparison of performance between the backpropagation and the CHL

algorithm. The two algorithms are used to train a 784-10-10 three-layer network

to perform hand-written digit recognition. The CHL algorithm is used to train the

three-layer network with feedback v = 0.05, 0.1, and 0.5 added. The classification

and squared errors for training examples are shown in A and B respectively, and

for test examples are shown in C and D respectively.



