;“ Journal of Computational Neuroscience 9, 171-185, 2000
“ (© 2000 Kluwer Academic Publishers. Manufactured in The Netherlands.

The Autapse: A Simple lllustration of Short-Term Analog Memory
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Abstract. According to a popular hypothesis, short-term memories are stored as persistent neural activity main-
tained by synaptic feedback loops. This hypothesis has been formulated mathematically in a number of recurrent
network models. Here we study an abstraction of these models, a single neuron with a synapse onto itself, or
autapse. This abstraction cannot simulate the way in which persistent activity patterns are distributed over neural
populations in the brain. However, with proper tuning of parameters, it does reproduce the continuously graded,
or analog, nature of many examples of persistent activity. The conditions for tuning are derived for the dynamics
of a conductance-based model neuron with a slow excitatory autapse. The derivation uses the method of averag-
ing to approximate the spiking model with a nonspiking, reduced model. Short-term analog memory storage is
possible if the reduced model is approximately linear and if its feedforward bias and autapse strength are precisely
tuned.
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1. Introduction formulation in a number of recurrent network mod-
els (Cannon et al., 1983; Seung, 1996; Georgopoulos
In parts of the central nervous system ranging from et al., 1993; Zipser et al., 1993; Griniasty et al., 1993;
the spinal cord (Prut and Fetz, 1999) to the neocortex Amit et al., 1994; Zhang, 1996; Camperi and Wang,
(Fuster, 1995), transient inputs have been observed t01998). Not only do these models maintain persistent
cause persistent changes in the rate of action poten-activity patterns, but they also reproduce the experi-
tial firing. By now, there is no doubt that this general mentally observed ways in which neural firing rates
phenomenon is closely related to short-term memory, encode computational variables.
but its physiological mechanisms remain unknown. In this article we analyze an abstraction of these re-
According to one long-standing hypothesis, persis- current network models: a single neuron that makes
tent neural activity is maintained by synaptic feed- a synapse onto itself, or autapse. In this model, feed-
back loops (Lorente de No, 1933; Hebb, 1949; Amit, backislocalized to a single loop, rather than distributed
1995). This hypothesis has found precise mathematical over a complex web of connections. This simplification
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handicaps the model because itis unable to capture the On the whole, the reduced model is a very good
distributed nature of the persistent activity patterns that approximation to the spiking model. However, there
are observed in the brain. are some inconsistencies between them. The spiking
However, the autapse model can reproduce a key model has more null points (stable levels of activity
property of persistent activity—the fact that it is of- at which drift completely vanishes) than the reduced
ten observed to be continuously graded (Seung, 1996;model. Furthermore, the spiking model exhibits fir-
Muller et al., 1996; Romo et al., 1999). As we shall ing rate oscillations that are not present in the reduced
see, such analog persistence requires precise tuning omodel. These discrepancies are due to a breakdown of
model parameters, a requirement thatis shared by morethe method of averaging due to a general phenomenon
complex network models. Consequently, the autapse known as resonance.
model is valuable as a particular example of the general  Given that the autapse model is a simple and natural
idea that analog short-term memory through feedback abstraction of recurrent networks, it is not surprising
requires precise tuning (Seung, 1996). that there have been previous studies of it. These stud-
We begin with a general discussion of the dynamics ies differ from the present model either in their lack of
of a conductance-based model neuron with a slow exci- biophysical realism (Kamath and Keller, 1976; Cannon
tatory autapse (Ermentrout, 1998b). Our analysis uti- et al., 1983; Nakahara and Doya, 1998) or by not con-
lizes the method of averaging to eliminate the dynamics sidering analog memory storage (Ermentrout, 1998b).
of the intrinsic conductances, leaving a nonspiking, re-
duced model (Rinzel and Frankel, 1992; Ermentrout,
1994; Ermentrout, 1998b). We establish the conditions

for analog short-term memory in the reduced model: it We begin by describing an autapseodel based on

must be I|near., and the strengt_h of the autapse and thethe dynamics of intrinsic and synaptic conductances
feedforward bias must be precisely tuned.

This is foll dbvad trati ¢ | hort (Ermentrout, 1998b). The membrane potentiabf
IS Is Toflowed by a demonstration oTanalog Shoft -y, el neuron obeys the current balance equation
term memory in numerical simulations of the spiking,

conductance-based model. We use a particular set of av

intrinsic conductances for which the reduced model Cma = —lin(V. €1, ... C) = Ge(V = Vi), (1)

is approximately linear (Shriki et al., 1999). The au-

tapse strength and feedforward bias are tuned usingwherecm is the membrane capacitance. The intrinsic

the reduced model. When these tuned parameters are&urrentslin: depend on voltage and a set of channel

placed into the conductance-based model, numericalVariablescs, . ..., ¢,. The synaptic current is produced

simulations show that transient inputs cause persistentby the synaptic conductanag:, with excitatory re-

changes in neural activity. versal potentiaMg. For now, we will not specify the
Mistuning the parameters in the simulations causes functional form oflin; or the dynamics of,, ..., ¢, to

aloss of persistence. According to linear feedback the- keep the discussion general.

ory, which is of limited applicability here, neural activ-  The currentbalance equation describes how synaptic

ity should behave roughly exponentially, with a time  inputis converted into action potentials. Action poten-

constant that depends on the deviation of the autapsetials lead to synaptic transmission and the opening of

strength from its tuned value. To achieve good persis- Postsynaptic receptors. The kinetics of these receptors

tence, the autapse strength must be tuned to a precisiorfre given by the simple two-state model

equal to the ratio of the synaptic time constant to the

The Conductance-Based Model

persistence time of activity. In other words, the autapse T d_s +s=a(l-9s)0c(V), 2
model is more robust to changes in parameters when it dt
has a longer synaptic time constant. which is illustrated in Fig. 1. The synaptic activatisn

Even when the autapse is precisely tuned, small is the fraction of open channels at the autapse and is a
amounts of drift remain in the numerical simulations. dimensionless variable taking values in the range from
If the autapse is viewed as a system for analog memory zero to one. The presynaptic voltageenters through

storage, this means that the stored variable is gradu-the sigmoid function (Wang and Rinzel, 1992)
ally corrupted, so that the memory is only short-term.

The drift is quantitatively related to nonlinearities in o (V) = 1 3)
the reduced model. T 1+ exp[—(V —6s) /o]
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oo (V) to approximately eliminate the fast variables using the
method of averaging.
T This is done by averaging Eq. (2) with respecito

while holdingge constant (Rinzel and Frankel, 1992;

1 - S —) S Ermentrout, 1994; Ermentrout, 1998b). We will as-
(ClOSCd) ( (open) sume that there is a threshold valuaggefabove which
1

the model neuron converges to repetitive firing and be-
low which it converges to a quiescent state. Let the
— periodic membrane potential be denoted\bt; gg),
T and replace (V (t; ge)) in Eg. (2) by its time average

Figure L Two-state kinetic model of synapse, with forward and

T(9e)
backward r_ate f:onstantsmfr(V)/r and Y, rgspegtively. The for- f(ge) = L / dto(V(t; ge)) (5)
ward reaction is gated on and off by the sigmoid functiofV), T(gE) 0

which is vanishingly small except during action potentials.

over an interspike interval of length(gg). The sub-

stitution yields
The thresholds and widthos of the sigmoid function

are chosen so that it is normally close to zero but ap- s

proaches unity during an action potential, causing a Tt TS a(1-19)f(ge), (6)
rapid increment in the synaptic activatisnThe mag-

nitude of the increment is controlled by the parameter which approximately describes the way in which
« and saturates asapproaches unity, due to the factor synaptic inpute to the model neuron leads to changes
of 1 — s on the right-hand side of Eq. (2). During the in the autapse activation The autapse in turn deter-
intervals between action potentiatsdecays towards  mines the synaptic input vige = Ws+ B. Substi-

zero with time constant. tuting this in Eq. (6) yields a dynamics in the single
When activated, the autapse provides recurrent ex- variables, a description of the autapse from which
citation back to the neuron through the equation the dynamics of action potential generation have been
eliminated?
ge = Ws+ B. (4) The relevant properties of the intrinsic currents have

been encapsulated in the functibtgg). This function

is the time average of the sigmoid functi®oV ), which

detects the occurrence of action potentials. Therefore,

f is generally an increasing function of frequency of
d action potentials above threshold and vanishes below
threshold. For the specific set of intrinsic currents to
be numerically simulated later, we will see thiatis
almost exactly proportional to firing rate.

The synaptic weightV is the maximal conductance of
the autapse if all ofits channels are oger= 1). There

is also a biadB, which could come from a variety of
sources. In our numerical simulations to be describe
later, the bias will arise from tonic feedforward input.
Alternatively, it could correspond to a nonzero resting
level of open synaptic channels or an intrinsic conduc-
tance with the same reversal potential as the synaptic

conductance. 4. Conditions for Analog Memory Storage

We now determine the conditions under which the re-
duced model is able to store a memory of an analog
variable. Here it is convenient to regagg(s) as a
function of s defined by Eq. (4). Then the reduced
model (6) can be rewritten as

3. The Method of Averaging

We have assumed that the dynamics of action potential
generation involve the membrane potentiahnd a set

of channel variablesy, . . ., c,. If the model neuron is

firing action potentials, these variables change rapidly.

In contrast, the synaptic activatisichanges relatively 1—=—S+af (ge(s))(1—9) )
slowly, provided that the synaptic time constants dt

long. In such a situation, where there are distinct sub- =[af(ge(s)) + 1}[% — s] (8)
sets of fast and slow dynamical variables, it is possible af(ge(s) +1
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The steady states of this dynamics satisfy
af(ge(s)
= = F S)). 9
1+ af(ge(s) (9e(9) )

Analog memory storage is possible if every values of
is a steady state, at least over some range Bfjuiva-
lently, F must be the inverse of the functiga(s) over
some range of.

This is possible, provided that the following condi-
tions are satisfied. FirsE must be linear,

F(ge) = F10e + Fo, (10)

sincegge(S) is linear. Second, the autapse strength
and biasB must be tuned so that

W = 1/F,
B = —Fo/Fy.

(11)
(12)

If these conditions are fulfilled, Eq. (9) is satisfied for
all s, which can be verified by substitutiy s+ B for
ge(9).

5. Tuning the Reduced Model

We have arrived at a set of conditions for analog mem-
ory storage by the reduced model. The synaptic time
constantr should be long, so that the method of aver-
aging is applicable. The functiofR should be linear,
and B andW should be tuned according to Egs. (11)
and (12).

The shape of the functioR depends on the particu-
lar intrinsic conductances of the model neuron and the
parameters of the synaptic dynamics. It is unrealistic
to expect the functioi to be perfectly linear. The best
that we can hope for is tha will be approximately
linear over some range. This means tthgtdt will be
small but nonzero after tuning: memory storage will
be imperfect, due to drift.

To design an approximately lineBr, we use a model
neuron introduced by Shriki, Sompolinsky, and Hansel
(Shriki et al., 1999). The neuron has a single com-
partment with a leak current , a fast sodium current
Ina, @ delayed-rectifier potassium currdit, and an
A-type potassium currerts. The dynamics of these

B
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Figure2 Dynamics of membrane voltalyeand synaptic activation

s in response to synaptic inpuA: The excitatory synaptic conduc-
tancegg steps from 0 to 0.05 mS/cinstarting at 100 ms and ending

at 500 ms.B: The resulting train of action potentials starts after a
latency of about 68 ms. Convergence to periodic behavior is rapid,
with little spike frequency adaptatiorC: Synaptic summation for

as =1 andr =100 ms. Each action potential causes a jump in the
synaptic activatiors, with rise time equal to the width of the action
potential. Between action potentialsdecays exponentially with
time constant. The uninterrupted decay after the last action poten-
tial exhibits this exponential behavior clearly. Since the synapse is
far below saturation, all the jumps are of roughly equal amplitude.
The broken line shows the behavior of the reduced model Eg. (6) for
comparison.

Numerical simulations of the model neuron and
model synapse are shown in Fig. 2. If the synaptic con-
ductancege is held constant in time at a value above
threshold, the model neuron converges rapidly to repet-
itive firing at constant rate, as shown in Figs. 2A and B.
Each action potential causes a fast jump in the synap-
tic activation, shown in Fig. 2C. Every jump is of ap-
proximately the same magnitude because there is little
saturation, due to our choice of a small During the
intervals between action potentials, the synaptic acti-
vation decays with time constamt= 100 ms. The
exponential decay is most evident in the uninterrupted
period after the last action potential.

The shape off (ge) is found by numerically simu-
lating repetitive firing like that of Fig. 2B for various
values ofgg and computing the time average in Eq. (5).

currents are described completely in the appendix. For We chose the parameters of the sigmoid function (3)

our model synapse, we choose= 100 ms in Eqg. (2).

to beds = —20 mV andos = 2 mV. Figure 3A shows

We expect that the reduced model should be accuratethat the functionf (gg) is zero for values ofe below

when this time constant is slower than the dynamics of
intrinsic conductances. We also choase: 1 to make
the effects of synaptic saturation weak.

threshold, and roughly linear ige for values above
threshold. It turns out thaf (ge) is almost exactly
proportional to firing rate.
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Figure 3 Repetitive firing properties of the model neuron. If the
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Table 1 Parameters used in the autapse simulations of Figs. 5
and 9. The synaptic weights are tabulated according to the identity
ofthe presynaptic neuron. The two tuned parameters are the strengths
of the autapse and tonic synapse. The current applied to the burst
neurons is normally zero, except during bursts, when iig&Em?.

Excitatory  Inhibitory
Memory  Tonic Burst Burst
Synaptic weight 1.882 3.800 1 —4
(mS/cn?)
lapp (WA/CM?) 0 3 0/5 0/5
Tsyn (MS) 100 100 5 5

excitatory conductance is held constant, then both the membrane po-6.  Numerical Simulations of Persistent Activity

tentialVV and the synaptic activatiaconverge to periodic behavior.

A: Transfer functionf and firing ratev versus excitatory synaptic
conductancge . The two functions are almost exactly proportional to
each otherf (gg) ~ 0.2328 kHZ 1v(gg). Except for some round-
ing of the curves near threshold, both functions are roughly linear in
ge over the range in the graplB: Transfer functionF versusgg.
Unlike f, this function includes the effect of synaptic saturation.

The graph is close to linear, as saturation is weak for the parameter

values chosen. The best linear fit (see Eq. (13)) to points evenly
spaced from 0.038 to 0.070 in steps of 0.0005 is also shown.

The functionF is calculated fronf by using Eq. (9).
According to the reduced model (6), the synaptic acti-
vation approacheb (ge) exponentially. As shown in
Fig. 2, this exponential behavior is a good approxima-

The tuning procedure outlined above was based on the
reduced model. Now that we have arrived at tuned
values forW andB, it is important to verify that these
values indeed endow the capability of analog memory
storage to the original spiking model.

For our numerical simulations, it is helpful to use
the circuit illustrated in Fig. 4 and described mathe-
matically in the appendix. The neuron with the autapse,
which we call thememory neuronis the only one that
is essential for memory storage. However, there are
also three input neurons, which are useful for illustra-
tive purposes. The bias inpBtto the memory neuron
is provided by aonic neuron which fires repetitively
at a constant firing rate of roughly 40 Hz. The bias has

tion, except that it neglects the sudden jumps due to been adjusted to its tuned value given in Table 1 by set-

action potentials. This is a reasonable approximation
when the firing rate is greater thayrl= 10 Hz, so that

ting the strength of the tonic synapsewg = B/ (%),
where (5) = 0.00930 is the mean value of the ac-

low-pass filtering by the synapse makes the synaptic tivation of the tonic synapse. In addition to the tonic
activation behave more smoothly than the membrane neuron, there are also twaurst neurons As will be

potential.

Our choices of parameters result in a very linEar
as evident in Fig. 3B. This is becauBehas the same
shape as for smalla, according to Eq. (9). A least
squares fit yields the linear approximation

F(ge) ~ 0.5314 — 0.01878 (13)

As shown in Fig. 3B, this is a good approximation over
a range of values ofig, although some signs of sat-
uration are visible inF at larger values. The values
F, = 0.5314 andFy = —0.01878 can be substituted
into the formulas (11) and (12) to obtain the tuned val-
uesW = 1.882 andB = 0.03534. These and other
parameters are listed in Table 1.

seen shortly, transient excitatory and inhibitory inputs
from these neurons cause persistent changes in the ac-
tivity of the memory neuron.

All input neurons have the same intrinsic currents as
the memory neuron, but they do not receive synaptic
inputs. Instead, their activities are produced by applied
currents. The time constant of the tonic synapse is the
same as that of the autapse. The burst synapses have
been made faster (5 ms) to better illustrate persistence
in the activity of the memory neuron, but this choice is
not important for the model. Equations describing all
neurons are given in the appendix.

The membrane potentials of all four neurons in Fig. 4
are graphed as functions of time in Fig. 5A. The tonic
neuron fires at a constant rate of roughly 40 Hz. The
two burst neurons are silent, except for brief bursts of a
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Figure 4  Circuit diagram of the autapse model, with three input neurons in addition to the memory neuron, which has an autapse to itself.
The tonic neuron provides an excitatory feedforward bias to the memory neuron. The burst neurons change the activation of the autapse by
providing excitatory and inhibitory burst inputs.
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Figure 5 Analog memory storage by the tuned autapse of Figh:4Membrane potential as a function of time. At the top, the tonic neuron

fires at a steady rate of 40 Hz. The second and third traces are of the excitatory and inhibitory burst neurons. The fourth trace is of the memory
neuron, which fires at a rate that is roughly constant over an interburst interval, but varies from interval to Bténstantaneous firing rate

of the memory neuron, computed as the reciprocal of the interspike interval. Each excitatory burst input causes a transient pulse and a persistent
upward step in rate. Each inhibitory burst input causes a transient pause and a persistent downward step.
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few action potentials at a rate exceeding 100 Hz. Each WF; < 1 and unstable ¥WF; > 1. In the stable case,
excitatory burst evokes a burst in the memory neuron, s approaches the fixed point exponentially with time
and each inhibitory burst causes the memory neuron constant /(1 — WF;). In the unstable cassdiverges

to pause briefly from firing. These transient effects of exponentially from the fixed point with time constant
transient stimulation are not surprising. More remark- t/|1 — WF|.

ably, the transient stimulation has a persistent effect:  The predictions of the linear reduced model are con-
the firing rate immediately after a burstis different than firmed by the numerical simulations of Figs. 6, 7 and 8.
it was before the burst, and this new rate persists until In Fig. 6, the autapse strengtk is reduced to 3/4 of
the next burst a second later. its tuned value, and the strength of the tonic synapse

This persistence is not caused by feedforward synap- is increased toAy = 4.4. For these parameters, the
tic input. Since the burst synapses have time constantslinear reduced model (14) predicts a stable fixed point
of 5 ms, burst synaptic input quickly decays back to ats = 0.0118 and a time constant of 400 ms. Indeed,
zero after the burst. Furthermore, the tonic input never the behavior of Fig. 6C approximately matches this
changes: it is the same both before and after the burst.prediction.

Only the autapse has different activation before and  Unstable behavior can be producedifis changed
after the burst. After an excitatory burst, the autapse to 5/4 of its tuned value, ant\y = 3.2. The linear

is more activated and therefore stimulates the memory reduced model (14) predicts an unstable fixed point at
neuron to a higher firing rate. In turn, the higher firing s = 0.0119 and a time constant of 400 ms. Again,
rate causes the autapse to have a higher level of acti-this predicted behavior matches the behavior of the
vation. This circular interaction is a positive feedback conductance-based model, as shown in Fig. 7C.

loop. If W is held at its tuned value, and only the

The action potential times in Fig. 5A can be con- tonic synapse is detuned 4, =3.98, then the au-
verted to instantaneous firing rates, as shown in Fig. 5B. tapse shows imbalanced behavior. The linear reduced
The firing rate of the memory neuron is roughly con- model (14) predictdls/dt = (F1B + Fo)/tsyn=28.9 x
stant in time during each interburst interval, though 10-3/sec, independent . The linearly increasing
there is some systematic drift visible in the plot. traces in Figs. 8B and C bear this prediction out.

This simple circuit illustrates a general principle— A useful way of visualizing the nonlinear reduced
that positive feedback can lead to persistent neural ac-model (7) is to make a graph of the drift velocitg/dt
tivity. In Fig. 5B, the memory neuron is active at five as a function oé. Such graphs are shown in the insets
different nonzero rates, although its feedforward input of Figs. 6C, 7C, and 8C. The solid line in the inset is
during each interval is the same. In other words, the from the nonlinear reduced model, while the points are
memory neuron is able to store information in the form from numerical simulations of the conductance-based
of its activity. During each interburst interval, its ac- model. The graphs are nearly straight lines, as to be
tivity is determined by the past, not by the feedforward expected from the linear reduced model (14). The case
input it is currently receiving. The persistence of these of WF; < 1 is a line with negative slope, indicating a
activity states will be discussed in more detail below. stable fixed point in Fig. 6C. The slope is positive for
WF; > 1, so that the fixed point is unstable in Fig. 7C.
InFig. 8C, the slope is zero, but the interceptis positive,

7. Mistuning and Linear Feedback Theory resulting in imbalanced behavior

The consequences of mistunikg and B can be pre-
dicted by approximating the nonlinear reduced model g pyift and Nonlinearities
(7) with the linear reduced model

ds Our tuning of the autapse was based on a linear approx-
Ll (WF1 — 1)s+ F1B + Fo. (14) imation (13) to the functioir (gg) over a finite range of
its argumengge. Outside this finite range, the thresh-
In addition to approximatingr as linear (Eq. 10), we  old and saturation nonlinearities Bfcompromise the
have also neglected a factor @f (ge) + 1, which is accuracy of the linear reduced model. Because of the
valid when the effects of synaptic saturation are weak. threshold nonlinearitys cannot become negative in
The linear reduced model has a unique fixed point at the nonlinear reduced model (7), while there is no such
s = (F1B+Fg)/(1—WFy). Thefixed pointis stableif  restriction in the linear reduced model. Furthermore,
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Figure 6. Activity of a leaky autapse, with strength 3/4 of its tuned value. The strength of the tonic syn&jse-id.4. The burst synapses

have strength¥V, = 3 andW_ = 10. There are excitatory bursts at 1 and 3 seconds, and an inhibitory burst at 2 sécoklésnbrane
potential versus time for the memory neuron. During the interburst intervals, the firing rate is not constant but either speeds up or sBws down.
Instantaneous firing rate versus time for the memory neuron. Excitatory and inhibitory bursts drive the memory neuron to high and low activity
levels, but the firing rate always converges to a null point of around 5@HZhe synaptic activatios behaves similarly to the firing rate, as

they are roughly linearly related fos = 1. The inset shows the relationshipds/dt to s. The line is from the reduced model of Eq. (7). The

points are from linear fits of 200 ms segments(}.

the saturation nonlinearity is weak & but eventu- is a direct consequence of the nonlinearity of the func-
ally starts to take effect for large making the linear  tion F, which determinesis/dt through Eq. (7). In
reduced model very inaccurate. contrast, in the perfectly tuned linear reduced model

Even within the finite range over which the linear (14), the driftds/dt would vanish for alk.
approximation (13) was constructed to be valid, the  The fixed points of the nonlinear reduced model are
linear reduced model is not perfect. To reveal some of the values o where the solid line in Fig. 9C inter-
its imperfections, we examine the nonlinear reduced sects the horizontal dotted line. There are two stable
model (7) more closely. The solid line in Fig. 9C is fixed points with nonzera, identifiable by their neg-

a graph of the drifids/dt as a function ofs, using ative slope, and one stable fixed pointsat= 0. At

Eq. (7). Because the autapse has been tuned, the drifiong times, the nonlinear reduced model converges to
ds/dt is small everywhere. However, it does not van- one of these fixed points. Therefore, the autapse can
ish, except at a few discrete valuesf And there only store ashort-termmemory of a continuous vari-

is no way of improving the tuning o¥V and W, so able. At long times, the stored memory converges to

thatds/dt vanishes for als. This is because changing one of three discrete values. When mistuned, a linear
these parameters cannot change the fact that the graplieduced model also shares the limitation that memory
is nonlinear and hence cannot vanish everywhere. This of a continuous variable is short-term. But there is the
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Figure 7. An unstable autapse, with strengtfd5of its tuned value. The tonic synapse is decreasatipte= 3.2 from its tuned value. The

burst synapses have strengtis = 2.93 andW_ = 5.1. There are excitatory bursts at 1 and 3 seconds, and an inhibitory burst at 2 seconds.
A: Membrane potential versus time for the memory neuninstantaneous firing rate versus time for the memory neuron. The firing rate
repeatedly diverges from 50 Hz, after being reset by excitatory and inhibitory bGrsthe synaptic activatioa behaves similarly to the firing

rate, as they are roughly linearly related éar = 1. The inset shows the relationshipad/dt to s. The line is from the reduced model of

Eq. (7). The points are from linear fits of 200 ms segmentgf

qualitative difference that a mistuned linear model has s are calculated. The relationship between these two
at most one stable fixed point; it cannot have three.  quantities is plotted in the points of Fig. 9C, which
can be compared with the solid line from the reduced
model (7). The correspondence with the points from
9. Resonances the simulations is generally quite good.
Butthere are some discrepancies, such as the notches
We have seen that the linear reduced model (14) doesat s = 0.0045, 0009, and 18. A continuous line
not perfectly reproduce the properties of the nonlin- drawn through one of these notches crosses zero with
ear reduced model (7). In turn, the nonlinear reduced negative slope, indicating that value ®fs an attrac-
model (7) is not a perfect description of the original tive state of the dynamics. In contrast, the nonlinear
spiking model. reduced model has only two stable fixed points with
Figure 9A shows(t) for atuned autapse drivenby a nonzero activity, and they are at different locations.
randomized sequence of bursts, once per secondfor five This failure of the nonlinear reduced model is due
minutes of simulated time. A 6-second portion of this to the phenomenon oésonancein which the method
time series is shown in Fig. 9B. During each interburst of averaging breaks down because the frequencies of a
interval the drift velocityds/dt and average value of  dynamical system are in whole number ratios to each
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Figure 8 Imbalanced autapse due to increased bias from tonic input. The strength of the tonic syképse3®8, and the inhibitory burst
synapse has strengti_ = 4. There are inhibitory bursts at 1, 2, and 3 secodsMembrane potential versus time for the memory neuron.

B: Instantaneous firing rate versus time for the memory neuron. The firing rate of the memory neuron drifts higher during interburst intervals.
C: The synaptic activatioa behaves similarly to the firing rate, as they are roughly linearly relategsfer 1. The inset shows the relationship

of ds/dt tos. The line is from the reduced model Eqg. (7), and the points are from the simulations.

other (Sanders and Verhulst, 1985). Here there are two periodic tonic inputs, is replaced by its time average
frequencies—the firing rates of the memory neuron and in the numerical simulations, the rate oscillations van-
the tonic neuron. The tonic neuron has a tonic rate of ish, confirming that they are indeed due to resonance
40 Hz. The three stable values ®fnentioned above  between the memory and tonic neurons. Similar os-
correspond to 20, 40, and 80 Hz firing rates of the cillatory behaviors are seen in the instantaneous firing
memory neuron. In other words, the memory neuron rates of mistuned autapses (see Figs. 6B, 7B, and 8B).
is attracted to 1:2, 1:1, and 2: 1 resonances with the Discrepancies between the nonlinear reduced model
tonic neuron. The 1:2and 1:1resonances can be seerand the conductance-based model can also be seen in
in the graph of instantaneous firing rate shown in 5B. In Fig. 9C at small values «f corresponding to frequen-
the interburst intervals starting at 1 and 2 seconds, the cies lower than 10 Hz. This is because the intrinsic
autapse converges to repetitive firing at roughly 20 Hz currents that generate the action potential are changing
and 40 Hz, respectively. on a time scale that is comparable to or longer than

More complex resonance effects can be seen in thethe synaptic time constant of 100 ms. The method of
interburst intervals starting at 3, 4, and 5 seconds. averaging is valid only in the opposite limit of intrin-
During these intervals, the rate oscillates, a behavior sic currents that change much faster than the synaptic
not predicted by the nonlinear reduced model. If the variables.
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Figure 9 Tuned autapse driven by bursts at one second intervals for five minutes of simulated time. The bursts are stimulated by applied

currents that are Gaussian random variables with mga#/ém? and standard deviation/1A/cm2. A: The autapse activatignversus time.
B: An expanded view of six seconds of the time series shown in (a), along with a sample lines(tfitharing an interburst interval, excluding
the first 200 ms after the burst. The slope of this line is a measuwte/dft. C: Drift ds/dt as a function ok. The points, obtained from the
numerical simulations of the conductance-based model, are in good agreement with the solid line, from the reduced model.

10. Discussion To make the functior approximately linear, two
more design choices were made. We chose a model
10.1. Design of the Autapse Model neuron for which the relationship between firing rate

and synaptic input is approximately linear above
We have demonstrated that a conductance-based authreshold. Our model neuron contained leak, sodium,
tapse model can perform analog memory storage with delayed rectifier, and A-type potassium currents (Shriki
a persistence time that is much longer than its elemen- et al., 1999), but there are a number of other model
tary biophysical time constants. This capability is not neurons that also possess the required linearity of re-
generic: we carefully designed our autapse model to sponse (Wang, 1998; Ermentrout, 1998a). Also, we
have it. Our first design choice was to make the time chose the parameterof the synaptic dynamics (2) so
constant of the autapse long. This enabled us to usethat the effects of saturation would be weak, making
the method of averaging to eliminate the dynamics of the relationship between synaptic activation and firing
intrinsic conductances, yielding a nonlinear reduced rate approximately linear.
model that approximates the original spiking model. Because of these design choices, it was possible to
Then we showed that analog memory storage is possi-linearly approximaté by Eq. (13) in arange of synap-
ble only when the functiofr of the reduced model (7) tic conductances. Using this approximation, we tuned
is linear. the autapse strength and feedforward bias based on
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Egs. (11) and (12). We then used these parameterswork models of motor cortex (Georgopoulos et al.,
in the original spiking model and verified that they re- 1993), prefrontal cortex (Camperi and Wang, 1998),
sulted in analog persistence, as shown in Fig. 5. Somethe head direction system (Zhang, 1996), and the ocu-
small amount of drift remained, even with the tuned pa- lomotor integrator (Cannon et al., 1983; Seung, 1996)
rameters, becausewas not perfectly linear. As shown are able to maintain persistent patterns of neural activ-
in Fig. 9, this drift in the spiking model was consistent ity distributed over a population of neurons. In contrast,
with the reduced model. the autapse model does not reproduce the distributed
To understand the roles of these various design nature of neural codes.
choices in producing persistence, it is helpful to work ~ Another limitation of the autapse is its inability to
backwards and relax them one by one. If the autapse perform analog memory storage whErhas a strong
strength or feedforward bias are mistuned, then sub- saturation nonlinearity. In another article, we have
stantial drift in activity appears. This drift may be shown thatthisis not a problem for recurrent networks,
manifested as leakiness (Fig. 6), instability (Fig. 7), or which can compensate for the sublinearity of saturation
imbalance (Fig. 8). by recruiting neurons above threshold (Seung et al.,
If F were more nonlinear (due to synaptic satura- 2000).
tion, for example), no amount of tuning of the autapse  In spite of these differences, the recurrent network
strength of feedforward bias could produce analog models and the autapse model are similar in one re-
memory storage, though digital memory storage would spect. They share the property of sensitivity to mistun-
be possible. In a certain parameter range, the autapseng of synaptic weights and other parameters (Seung,
would rapidly converge to one of two stable states, 1996; Zhang, 1996). In the linear reduced model (14),
silent or firing repetitively at a fixed rate. This bista- the persistence time is equaktt(1—WF,), wherer is
bility could be used to store a single bit of information the elementary time constant of the system, g
with an infinite persistence time. is the strength of feedback. Therefore, a small time
If the time constant of the autapse were short, then constantr can be boosted to a long persistence time
the method of averaging would no longer be applicable, if WF; is tuned to one. Significant increases in per-
and the precise timing of spikes would be important. It sistence require precise tuning \WF;. For example,
is not clear whether a continuously variable firing rate 1 percent accuracy is required to boostaf 100 ms to
could be maintained in this case. The maintenance a 10-second persistence time. This result was derived
of persistent activity in networks by “synfire” mecha- for a linear system with a single feedback loop and is
nisms involving precise spike timing has been studied not directly applicable to the recurrent network mod-
by others (Abeles, 1991; Herrmann et al., 1995; Hertz els, which have nonlinearities and distributed feedback.
and Prugel-Bennett, 1996; Maass and Natschlager,However, the general message of linear feedback the-
1997) and is perhaps closer to the original concept of ory about the dependence of analog memory storage
“reverberating activity” due to Lorente de No (1933) on precise tuning does seem to be relevant for these
and Hebb (1949). networks (Seung, 1996; Seung et al., 2000). In certain
Itis interesting to note that even in the case of a slow network models, the need for precise tuning is hid-
autapse, there are some dynamical behaviors dependenten behind an assumption of symmetry in the synaptic
on spike timing. In particular, the resonance effects connections but it is still there (Zhang, 1996).
evidentin the instantaneous firing rates of Figs. 5B, 6B,  Therefore, it seems that these recurrent network
7B, and 8B are not captured by the reduced model and models should be combined with some adaptive mech-
show that the spiking nature of neural activity cannot anism for tuning the synaptic weights and other pa-
be ignored completely. rameters to sustain persistent neural activity. Possible
synaptic learning rules have been studied in a number
of network models with nonspiking neurons (Arnold
10.2. Relation to Recurrent Network Models and Robinson, 1992, 1997; Seung, 1997).
It should be mentioned that there are some recur-
The autapse model should be viewed as an abstrac-rent networks in which persistent activity does not de-
tion of more complex network models in which synap- pend on precise tuning (Hopfield, 1982; Griniasty etal.,
tic feedback is distributed over many pathways, rather 1993; Amit et al., 1994). The difference is that the per-
than localized to a single loop. Such recurrent net- sistent activity patterns of these networks are discrete,



while those of the networks mentioned previously are
continuously variable. The memory storage capabili-
ties of networks that do not require precise tuning are
more digital in character, rather than analog. As argued

elsewhere, the differences between these two types of

networks can be conceptualized in terms of discrete an
continuous dynamical attractors (Seung, 1996, 1998).

Appendix: Model Equations and Parameters

Our simulations utilize a model neuron introduced by
Shriki, Hansel, and Sompolinsky (1999). The only
modification we have made is to increase the thresh-
old by using a higher leak conductance. Unless other-
wise noted, the measurement units are voltage (mV),
conductance (mS/cH current (tA/cm?), and capac-
itance @F/cn?). The specific membrane capacitance
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an(V) = 0.07exp-(V +44)/20] (22)
Bn(V) = ! (23)
M T expl=(V + 14)/10] + 17
dwhereg,\,a = 100,VNa = 55,¢n = 10.
3. Delayed Rectifier Potassium Current g
Ik (V) = gen*(V — Vi) (24)
_,4dn

®n i an(V)(1—n) — Ba(V)N (25)

(V +34/100

V) = 2
o) = T v +34/10] 20
1

Ba(V) = 3 exp[—(V +44)/80], (27)

for all neurons i<, = 1 uFlent.

Intrinsic Conductances

The intrinsic currents are given by the sum

line(V, h,n,b) = 1L(V) + Ina(V, h) + Tk (V. n)
+1a(V. b), (15)

whereV is the membrane potential, ahdn, andb are
channel variables.

1. Leak Current I

IL(V) =0V — V), (16)

whereg. = 0.2,V = —65.

2. Sodium Current Ina
Ina(V, h) = gnam3(VNY — Ve (17)
Olm(V)
o (V) = —————— 18
MoeM) = ) + V) (18)
3 (V +30)/10
V) = TV +30,10] &Y
Bm(V) = 4expl-(V + 55)/18] (20)
dh

¢gla =an(V)(1—h) = (V)h  (21)

wheregx = 40,Vkx = —80, ¢, = 10.

4. A-Type Potassium Currentl

The activation variabla is instantaneous, while the
inactivation variablé has a relaxation time, that is
independent of voltage:

Ia(V) = gaad bV — Vi) (28)
%o (V) = exp[-(V +150)/20] +1 (29)
boo (V) = expl(V +§30) /6] + 1 (30)

wherega = 20, 1, = 20.

Synaptic Conductances

As shown in Fig. 4, the memory neuron (neuron with
the autapse) is driven by three input neurons. The
synaptic conductances of the memory neuron are given

by

O = Ws+ Woso + W, sy,
g =W.s_,

(32)
(33)
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wheres is the autapse activation, agg s,, ands_ are 4. Memory Neuron
the activations tonic, excitatory burst, and inhibitory
burst synapses, respectively. The input neurons do not

have synaptic conductances; their firing is driven by C av _ (V. h, 0, b) — ge(V — Vg)
applied currents. ™ dt e
For the sake of brevity, only the dynamical equations —ag V-V, (40)

for the membrane potentials and synaptic activations ds
are given. They must be supplemented by the equations t— +s
for the channel variables of the intrinsic conductances, dt

as described above. The voltages/g = 0 andV, = —70 are the reversal po-
tentials of excitatory and inhibitory synapses, respec-
tively. The strength of the autapse is tunetMe- 1.882
mS/cn?, and the strength of the tonic synapse to

a(l—s)o (V). (41)

1. Tonic Neuron

dVo W = 3.800, unless otherwise noted in the figure cap-
CmW = —lint(Vo, o, No, Bo) + lappo,  (34) tions. These values are determined from the conditions

(11) and (12), along with the linear approximation (13).

Tod_so + 5= al—sp)o (Vo). (35) The strengths of the excitatory and inhibitory burst

dt synapses ar&V, =1 andW_ = 4 mS/cnt, unless
otherwise noted in the figure captions. Each synaptic
strength is the maximal conductance of the synapse,

attainable only when all of its receptors are open.

Tonic activity in this neuron is generated by an applied
current ofl;ppo = 3 wAlcm?. The resulting behavior
of 55 shows periodic fluctuations about a mean value
of 0.00930. The synaptic time constagtis 100 ms,

as with the memory neuron. Numerical Methods

We used the fourth-order Runge-Kutta method with
step size 0.01 ms to integrate these equations, except
in Fig. 3, where a step size of 0.002 ms was used.

2. Excitatory Burst Neuron

dv,

Cn—t =—lim(Vy, hy, N b)) + lgppys (36) Wit_h no synaptic or applied current, the dynamical
dt variables converge to a fixed point\at= —68.3737,
ds, h = 0.9820,n = 0.0631, anch = 0.1259.
gy TSr=ad—s)o(Vy). (37) Instantaneous rate functions were calculated from

spike times defined as the downward zero crossings of
This is like the tonic neuron but with a shorter synaptic the membrane potential. The rate between successive
time constant,. of 5 ms, and an applied curreh, + spikes at timeg, andt, 1 was defined as/Ity 1 —ta).
that consists of 50 ms current pulses with amplitudes Inotherwords, the rate function was piecewise constant
described in the figure captions. These pulses causein each interspike interval.
brief bursts of activity.
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dt Notes

As with the excitatory burst neuron, burst activity .
1. Autapses are seen frequently in cultured neurons (Bekkers and

IS generated by 50 ms current pUIses with amp“tUdeS Stevens, 1991; Segal, 1991; 1994). Some have argued that they

described in the figure captions. The synaptic time  gre artifacts of the low cell densities in culture and do not occur
constant_ is 5 ms. normally in the intact brain. But recent studies have found that
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autapses are common in both excitatory (Lubke et al., 1996) and
inhibitory (Tamas et al., 1997) neurons of the neocortex.

. Whenq is large and saturation is strong, this approximation is
less accurate. A modified form of the method of averaging for
saturating synapses is described elsewhere (Seung et al., 2000).

. This relationship holds because the shape of the action potential,
and hence the integral in Eq. (5), are roughly independent of fre-
guency, asistypical of Class | neurons (Ermentrout, 1994, 1998b).
Consequentlyf is proportional to the prefactoyT (gg), which
is just the frequency.
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