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ABSTRACT

We study annealed theories of learning boolean functions using a concept class
of finite cardinality. The naive annealed theory can be used to derive a univer-
sal learning curve bound for zero temperature learning, similar to the inverse
square root bound from the Vapnik-Chervonenkis theory. Tighter, nonuniversal
learning curve bounds are also derived. A more refined annealed theory leads to
still tighter bounds, which in some cases are very similar to results previously
obtained using one-step replica symmetry breaking.

1. Introduction

The annealed approximation! has proven to be an invaluable tool for studying
the statistical mechanics of learning from examples. Previously it was found that
the annealed approximation gave qualitatively correct results for several models of
perceptrons learning realizable rules.? Because of its simplicity relative to the full
quenched theory, the annealed approximation has since been used in studies of more
complicated multilayer architectures.®* However, it was also found that the applica-
tion of the annealed approximation to learning of unrealizable rules could yield very
wrong behavior.? To obtain correct learning curve asymptotics, the more complex
quenched theory was needed.

In this paper, we revisit the subject of annealed theories of learning, in the spe-
cial case where the concept class consists of boolean-valued functions with discrete
weights. Using annealed arguments, we construct upper bounds on the generaliza-
tion error that compare favorably to the quenched theory results. The naive annealed
theory can be used to derive a universal learning curve bound of an inverse square
root law, similar to the bound from the Vapnik-Chervonenkis theory.® It can also be
used to derive tighter, nonuniversal learning curve bounds.

Even tighter bounds can be obtained by using a different annealed theory. We
study one that is based on the difference in the training errors of a concept and
the optimal concept in the class. This annealed theory can in some cases produce
learning curve bounds that are comparable to those of replica symmetry breaking
calculations. This paper is in part a translation into physicists’ language of results



that have previously appeared elsewhere in more mathematical form.®

2. Notational preliminaries

Let W be a class of boolean-valued functions w, or concepts, with finite cardinality
IW| = 2V, There is a target concept, or teacher, that is to be learned. The error
function relative to the target concept on an input = is defined by

e(w,2) = { 1, if w disagrees with the target on «
"7 10, otherwise.

(1)

The training error of a concept w on a sample of inputs X = (xy,...,2,,) is defined
as the frequency of errors on the sample,

e(w, X™) = e(w,x;) . (2)

1 m
m =1

The m points in the sample are assumed to be drawn independently at random from
an input distribution. The generalization error of a concept w is defined as the
probability that it disagrees with the target concept on an input drawn at random
from this distribution. Equivalently, we may write it as the expectation of e(w,x)

with respect to the input distribution, denoted by double angle brackets

¢y(w) = ((e(w, z))) - (3)

We assume that e,(w) possesses a unique minimum w* in the concept class with
generalization error € = e, (w*). If € = 0 then the target concept is said to be
realizable by the concept class. Otherwise the target concept is unrealizable.

3. Quenched theory

Suppose the learner has chosen a hypothesis with training error ¢ on a given
sample X™. What can we say about its generalization error? The learner’s hypothesis
is just one member of the set of all hypotheses with training error €. If we were to
go through this whole set of hypotheses and tabulate their generalization errors,
we would obtain a histogram. As a function of ¢,, the entropy s(X™, €, ¢€,) is this
histogram on a log scale®

SXrreg) = o 3 8(e — eg(w))d(es — eifw, X)) (4)

?Although some bin width must be chosen for the histogram, the entropy is independent of this width
in the thermodynamic limit, so we simply write delta functions in its definition. There are also some
technical subtleties due to the fact that the argument of the logarithm can vanish, difficulties that
are finessed by the replica formalism.



In the thermodynamic limit m, N — oo with @ = m/N constant, if the entropy
becomes self-averaging it can be replaced by its expectation over the random sample
Xm7

S(Oz, 675769) = <<S(Xm76t769) >> . (5)
We assume that the entropy becomes a smooth function in the thermodynamic limit,
i.e., that the histogram looks smooth on a log scale. However, on a linear scale the

histogram is very sharply peaked about its maximum

argmax s(a, €, €;) . (6)
g

This is the typical value of ¢, in this set, the generalization error if the learner chooses
at random from the set of all hypotheses with training error ;.

If the learner does not choose completely at random from this set, the generaliza-
tion error might be different. The generalization errors that are possible are in the
region {¢, : s(a, €, €,) > 0}, since nonnegative entropy means that there is at least
one hypothesis with this ¢, and ¢;,. Outside this region, there are no hypotheses, and
the entropy is —oo. Hence the worst possible generalization is given by

max{e, : s(a, €,65) >0} . (7)
Assuming the entropy approaches zero smoothly, we may simply solve
sla, e,€¢0) =0 (8)

with respect to ¢;, and pick the appropriate root. Obviously, the typical generalization

error is upper bounded by the worst. Note that if the concept class has infinite

cardinality, the zero entropy point does not identify the worst generalization error.
It is convenient to calculate the free energy

1 —Bmes(w,X™
= Bf (a8, ¢) = 5 {(log 3 8(cy — eg(w))e” et X (9)
and then obtain the entropy via Legendre transformation

5(a7 €t 69) = Hgn{aﬁet - ﬁf(avﬁv 69)} ’ (10)
ﬁf(avﬁv 69) = Hgn{aﬁet - S(av €ty 69)} : (11)

When s and 3f are smooth, the minima are found by differentiating, so that the
relationship between temperature T'= 1/ and training error ¢; is given by

Js

af = el (12)
a(Bf)

€y W (13)

a,Eg



These results imply that the training error is an increasing function of temperature,
and that entropy is an increasing function of ¢; or T'. As the entropy increases, the
set of generalization errors with nonnegative entropy in (7) is enlarged, and hence the
worst generalization error is an increasing function of training error or temperature®

Let us review the typical learning curve behavior for unrealizable rules. The zero
temperature training error ¢(a, T = 0) is the lowest possible training error that can
be achieved. For small «, all training examples can be loaded perfectly, so that
é(a, T = 0) = 0. However, for large a ¢:(a, T = 0) — €* from below, since the rule
is unrealizable. For finite temperatures, or training errors above €;(a, T = 0), the
entropy 1s positive in some region of ¢,. As the training error decreases, the entropy
drops, until at € (o, T = 0), there is no region of positive entropy. In other words,
é(a, T = 0) is defined as the training error for which the maximum of the entropy is

ZeTo,

max{s(a, &(a, T =0),¢,)} =0 (14)

€g

4. Naive annealed theory

By moving the sample average inside the logarithm, we can upper bound the
quenched entropy (5) by the annealed entropy,

S 0, 65) = o 3006y — eg(w))(er — eulu, X)) (15)

Any upper bound on the quenched entropy can be used to obtain an upper bound
on the worst generalization error (7), a fact that will be used repeatedly throughout

n

this paper. In particular, s < s implies that

max{e, : s*"(a, &,¢,) >0} > max{e, : s(a,e,¢,) >0}, (16)

€g

"y €, €5) = 0 for €, gives an upper bound on the worst gener-

so that solving s
alization error. To obtain an approximation for the typical generalization error, we

maximize the annealed entropy with respect to ¢,, in analogy with (6)

argmax s*"" (o, €, €4) . (17)
g

Note that the annealed approximation is not a bound on the generalization error; it
s an approximation.

®In contrast, it appears that the typical generalization error (6) may exhibit nonmonotonic behav-
ior as a function of ¢, although the existence of this overtraining phenomenon has not yet been
conclusively demonstrated.



The annealed free energy is easier to compute than the entropy, since the sample
average factorizes to yield

BB =y loe X Beg() — ) (AT (1)
= pleg) +alogll+ (e = 1)e,] (19)

where |
pley) = 1 lo 3" dle, — e, u) (20)

The annealed entropy follows from the Legendre transformation (10),
s

ey e ) = pleg) — aD(elley) (21)

where the function D(pl||q) is the relative entropy of the two binary distributions
(p,1 —p)and (¢,1 - q),

(22)

p
Diplla) = plog _+ (1 = p)log y
The relationship between temperature 7' = 1/ and training error ¢; in the an-
nealed theory can be found by applying equation (12) to obtain

1 —
B=log ¥ _log ¢
3 1

: 23
- £
There are two simple limits to be taken, T' — oo and T' = 0. In the infinite tempera-
ture limit, the training and generalization errors are equal, ¢, = ¢,. Furthermore, the
annealed theory becomes equivalent to the quenched,

S = B = p(e,) = s = —ff . (24)

At zero temperature, the training error is zero, and

S = ZBFU = ple,) — alog(l — ;) . (25)

So we see that the structure of the annealed theory is simpler than that of the
quenched. The annealed entropy (21) is composed of two terms. The first term
p(e,) is the entropy at infinite temperature. The second term aD(elle,) is linear in
« and contains the dependence on temperature or training error. Whereas the first
term depends on the concept class, target concept, and input distribution, the second
term is universal.

What price do we pay for this gain in theoretical simplicity? Seung, Sompolinsky,
and Tishby observed that the annealed theory gives qualitatively correct behavior for
realizable rules, but can be very wrong for unrealizable rules.? The deficiency of the



annealed theory is rooted in the fact that training error vanishes at zero temperature.
Although this is appropriate for realizable rules, zero training error is not attainable
for large « in the case of unrealizable rules. In the annealed theory, both the concept
w and the sample X™ are thermal variables. Hence the ground state of the system
is the minimum of the training energy with respect to both w and X™. This means
that cooling finds an atypical sample for which zero training error can be achieved.
For boolean outputs (the case we consider here), the annealed generalization error
always approaches €* as a — oco. However, Seung, Sompolinsky, and Tishby noted
that the rate of approach in the annealed theory can be very different from the correct
quenched theory.?

Here we use the annealed theory to upper bound the worst generalization error
at zero temperature. However, we avoid the trap of setting 7' = 0 in the annealed
theory, which gives unphysical results. Recall that any upper bound on the quenched
entropy yields an upper bound on the worst generalization error. The following string
of inequalities upper bounds the quenched entropy at zero temperature,

sla,e(a, T =0),¢5) < """ (o, e, T =0),¢,) (26)
N R, (27)
= pleg) —aD(e"|ey) (28)
< pley) = 2a(de,)? (29)
< log2 — 2a(de,)? (30)

The second line is due to the fact that the entropy is an increasing function of €;. The
fourth line comes from the standard bound on the relative entropy D(pl||q) > 2(p—q)*.
The last inequality is due to the fact that the total cardinality of the concept class is

2N and gives the coarse bound of

de, < O(oz_l/Q) ) (31)

This inverse square root behavior has the same origin as the corresponding VC bound,
and does not require a thermodynamic limit. Application of the penultimate inequal-
ity requires a knowledge of the behavior of p(¢,) at small d¢,. We define an exponent
y by p(e;) ~ O((d¢,)?), up to logarithmic corrections. The resulting tighter bound is

e, < O(a™V9)) (32)

5. Refined annealed theory

The annealed theory outlined above is just one of an infinite class of possible
annealed theories. To see this, note that we can subtract any function of quenched
disorder from the energy, and simply shift the free energy by a constant. Let E(w,x)



be an energy depending on thermal and quenched variables w and x. The free energy
is then given by

—pr = <<10g26_ﬁ ) (33)

= ((log e~PFol® Z e~ PE(wa)=Eo(@) y) (34)
= {((log)_ e Bl — B Eo() ) - (35)
This in turn is bounded by the annealed free energy,

— B = 10%2 TEREY — B Eo(x)) - (36)

The function Fy(a) must be chosen to make the bound tight and yet easy to calculate.

Especially in the large o limit, we are most interested in concepts w in the vicinity
of w*. The fluctuations in the training errors of these concepts can be correlated with
the fluctuations in the training error of w*. Hence a sensible choice for us is to
subtract the training error of w*,

=B Breg) = o X 8l — epw)) (eI ) e (37)

The correlation between the fluctuations of e;(w, X™) and e;(w*, X™) depends on
the probability of disagreement eq(w,w*) between w and w*. Thus another order
parameter ¢; appears, so that

_ﬁfann(avﬁv €95 6d) = p(€g7 6d>+a10g[1+6d(COShﬁ_1)_(569) sinh ﬁ)] —Ozﬁé* ’ (38)
and

pleg,€q) = —logZ(S w))d(eq — eq(w,w™)) . (39)

Maximizing these expressions with respect to ¢; yields —3f*""(a, 3, ¢,) and p(e,).
The annealed entropy is then obtained via Legendre transformation

s (@, €4, €, €q) = pleg, €4) + mﬁin{ﬁ&t—l—log[l +e4(cosh B —1)—(dey) sinh 5]} (40)

The relationship (12) between training error and temperature now takes the form

de, cosh 3 — ¢gsinh 8

Se; = :
“TT + eq(cosh B — 1) — de, sinh 3

(41)

As before, it is useful to investigate the two limits of infinite and zero temperatures. At
infinite temperature, de;, = d¢; and the annealed theory is equivalent to the quenched.
At zero temperature, d¢;, = —1. This is because annealing the examples finds a sample

such that e;(w*, X”) =1 and e;(w, X™) = 0.



As in the naive annealed theory, we can obtain an upper bound for the worst
generalization error by using the annealed entropy at €; = €*. This corresponds to a
temperature satisfying tanh § = d¢,/eq,

s"a 6 = eg,eq) = pleg,ea) +alog(l+14/€f —(5¢)* — ea) (42)

< plepe) + a3 /(2c) (13)
Now suppose that eg(w, w*) < v(ey(w)). Then we can write the upper bound
5ey)?
Mo = ) < pleg) +ag D (4)
Defining the exponent z by v(e,) < O((d¢,)?), we derive the asymptotic bound
Se, < O(a™VC@v=2)) (45)

where y is defined as before by p(de,) < O((de,)Y).

6. Specific learning models

Gyorgyi and Tishby considered a learning model in which the target function was
a perceptron whose inputs were corrupted by noise.” The learner was presented with
example pairs of an input z drawn from a Gaussian distribution, along with a label
given by sgn(w* - (z+¢), where w* is the weight vector of the target. The noise vector
¢ was also assumed to be Gaussian. We consider not Gyorgyi and Tishby’s spherical
perceptron, but rather the finite cardinality concept class of Ising perceptrons (with
+1 weights). In this case it can be shown that y = 1 and z = 1/2, so that the naive
annealed learning curve bound is O(a™!) and the refined annealed bound is O(a™?),
up to logarithmic corrections.

For Gyorgyi and Tishby’s spherical perceptron, we cannot give an upper bound,
since the zero entropy point means nothing for a concept class of infinite cardinality.
However, we can follow the annealed approximation along the ¢, = € line. Since
pley) ~ loge,, we take y = 0 along with z = 1/2, yielding a learning curve approx-
imation of O(a=?/%). Tt would be interesting to see whether the replica symmetry
breaking calculation for their model yield similar asymptotics. A similar argument
appears to explain the 2/3 power law seen by Kabashima and Shinomoto.®

Seung, Sompolinsky, and Tishby studied a perceptron learning model in which the
weights of the teacher w® are drawn at random from a Gaussian distribution with zero
mean and unit variance, but the learner is an Ising perceptron.? For this model, it can
be shown that y = 1/2 and z = 1/4, resulting in the bound de, < O(a~*/%), which is
the same power law as that obtained using one-step replica symmetry breaking.

7. Conclusion

In the refined annealed theory, the large-a asymptotics of learning curve bounds



depend on two exponents y and z defined by p(¢,) < O((d¢,)¥) and v(e,) < O((de,)?).
These two exponents give rise to a variety of behaviors:

o If y+ z > 2, there is a first-order (sudden) phase transition .
o If 1 < y+ 2z <2, the error decays as a power law, 1/a'/(2=v=2),

o In the marginal case y + z = 2, the behavior can be affected by logarithmic
corrections to the scaling behavior of p(¢,;) and v(e;). In the absence of such
corrections, there is a second-order (continuous) transition. A logarithmic cor-
rection results in exponential decay with a.

Previous work on classification of learning curve asymptotics was mostly restricted
in applicability to the realizable case.!??

Of course, the above results only concern the behavior of the bounds, which might
not resemble the true behavior. However, we have shown that the bound can be very
close to the true behavior in some cases, even when the true behavior is affected by
replica symmetry breaking.

The most severe limitation of our results is that they apply only to concept classes
of finite cardinality. Our results suggest that a better annealed approximation can
be constructed for concept classes of infinite cardinality. However, it is not clear how
to construct annealed bounds, since the zero entropy point has no meaning. For the
infinite cardinality case, replicas have been used to calculate the worst generaliza-
tion error.!® Perhaps tight replica-free bounds for the infinite cardinality case will be
possible by combining statistical mechanics techniques with tools from the uniform

convergence literature like VC entropy and dimension.”
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