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1 Backpropagation learning of trajectories

The backpropagation algorithm for learning trajectories is the following iterative pro-
cedure:

e Starting from the initial condition:(0), integrate the network
t+xz=f(Wzx+D) (1)

forward in time tot = T, all the while keeping track of the errar— = between
the desired and actual trajectories, as welDds) = diag(f'(Wz(t) + b)).

e Starting from the final conditiop(7T") = 0, integrate the dual network

—j+y=W'Dy+d-= @)
backward in time ta = 0.
e Make the updates
T
AW = n/ dt Dyz™ 3)
0
T
Ab = n/ dt Dy (4)
0

We will show later that this procedure performs gradient descent on the cost func-

tion
T 1
E:/ dt=|z — d|?
O 2

subject to the constraint (1).

Backprop can deal with hidden neurons. If there is no desired value for a neuron
during some time interval, then the error term for that neuron is omitted from (2) during
that time interval. The initial conditions of the hidden neurons can be held fixed, or they
can also be optimized in the algorithm.



Note that backprop solves the problem of temporal credit assignment by going
backwards in time. It is necessary to go backwards because of the final condition
y(T) = 0. ltis also possible to integrate forward in time, but then it would be
necessary to iterate to satisfy the final condition.

Unfolding the network in time.

Teacher-forcing.

2 Lagrange multiplier derivation

Consider the functional
T 1
Slx(t),y(t)] = / dt {§|x —dP? +yllE o — f(Wa + b)]}
0

If z(¢t) andy(t) are changed by small amounts(t) anddy(t), then the change if is

T 6S 6S
58 = /O dt {m5a:(t)+m5y(t)}

by definition of the functional derivativesS/dx(t) anddS/dx(t).

Let's impose the boundary conditian:(0) = 0, so that we consider only trajecto-
riesz(t) with the same starting point. Then we say that stationary with respect to
variations inx andy if 65 = 0, i.e.,6S/0xz(¢t) = 0 forall ¢t > 0 anddS/dy(t) = 0 for
all ¢.

From

08
——=t+z— f(Waz+b
ay(t) ( )
it follows thatx(t) is a trajectory of (1) ifS is stationary. Furthermore§ = F at a
stationary point. Therefore, the problem of minimiziAgsubject to the constraint (1)
is equivalent to minimizing the value &f at a stationary point.

Let’s calculate the functional derivatives/dx. The variatiory.S caused by a small

chang&z is

T
58 = [ dt[(z—d) "6z +y"6i+y" (6x — DWéz)]
0

Integrating by parts, we find

T
5S = / dt [(x — d) 6z — g6z + (y" —y" DW)ox] + [y"62]f  (5)
0
T
= / dt(x —d—g+y—WTDy)Tsx +y ox]d (6)
0
Therefore the functional derivative is
0S
5200 —z—d—y+y—WIDy+y+y(T)o(t—T)—y(0)(t)



If we choosey such that
—g+y=W'Dy+d-=

and impose the final condition(T") = 0, thend.S/dx(t) = 0 for ¢ > 0.

Now we see that the forward and backward pass place us at a stationary point of
S. Since the functional derivatives 6fare zero, the gradient ¢f with respect tolV’
andb includes only the explicit dependence, and not the implicit dependence on the
trajectories:

T
AW = —7788—5/ = 77/ dtDyzT
0

3 Real-time recurrent learning

The real-time recurrent learning (RTRL) algorithm involves integration of the equa-
tions

dzr txr = f (Z Wiz + bk) (7)

dpf; i !
d—t‘7 +r; = (@) [zl: Wiipij + 0in; (®)
dWi;
o = Z(dk — z1,)p}; ©
k

with the initial conditionpﬁj(()) = 0 and the definitiort, = 3, Wiyx; + by.
The problem of temporal credit assignment is solved with the variaiﬁ}ewhich
measure the effect &¥;; onz. No backward pass is necessary.

4 Derivation

Gradient descent on the squared error

T 1 )
E:/O dtz§(dk—$k)

k

is
oF
AW, = — 1
17 778”7” ( O)
_ /Tdt (dy — @ )% (11)
A Zk BT W,



To calculatedz;, /0W;;, differentiate the equation

dx
d—tk +ar=f (Z Wiz + bk)

l

to obtain
d Oxy Oz, o /A ox;
%aWia‘ oW, f (ﬂfk)zl: Wi oW, + 0ik0j121 (12)
= f/(fk) ZWklﬂ + it (13)
; OWi; g

Assumingz(0) is fixed, and therefore does not depend on the synaptic weights, then
Oz, /OW;; = 0. Therefore we can computi:, /0W;; by the above differential equa-
tion for pf; with the initial conditionpf; = 0.

Gradient descent is

T
6Wij = 'r]/ dt Z(dk - x’f)p?j
0 k

This is the batch form of learning. But it is also possible to make the weight changes
online while the trajectory is being computed.



